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We investigate the stability properties and flow regimes of laminar wakes behind slender1

cylindrical bodies, of diameterD and length L, with a blunt trailing edge at zero angle of at-2

tack, combining experiments, direct numerical simulations, and local/global linear stability3

analyses. It has been found that the flow field is steady and axisymmetric for Reynolds num-4

bers below a critical value, Recs(L/D), which depeds on the length-to-diameter ratio of the5

body, L/D. However, in the range of Reynolds numbers Recs(L/D) < Re < Reco(L/D),6

although the flow is still steady, it is not longer axisymmetric but exhibits planar sym-7

metry. Finally, for Re > Reco the flow becomes unsteady due to a second oscillatory8

bifurcation which preserves the reflectional symmetry. In addition, as the Reynolds num-9

ber increases we report a new flow regime, characterized by the presence of a secondary,10

low frequency while keeping the reflectional symmetry. This new flow regime resembles the11

“Honky-Tonky”mode reported by Auguste et al. (2010) just above Re = 217 in the flow12

behind a thick disk. The results reported indicate that a global linear stability analysis is13

adequate to predict the first bifurcation, providing values of Recs nearly identical to those14

given by the corresponding numerical simulations. On the other hand, experiments and15

direct numerical simulations give similar values of Reco for the second bifurcation, which16

are however overestimated by the linear stability analysis due to the use of an axisymmetric17

base flow. It is also shown that both bifurcations can be stabilized by injecting a certain18

amount of fluid through the base of the body, quantified here as the bleed-to-free-stream19

velocity ratio, Cb = Wb/W∞. Thus, the parameter plane spanned by Re and Cb, is divided20

into three regions: in region I, defined by Cb > C∗

b1, the wake is steady and axisymmetric;21

in region II, for which C∗

b2 < Cb < C∗

b1, the wake is steady but planar-symmetric, and in22

region III, where Cb < C∗
b2, vortex structures are periodically shed.23

1. Introduction24

Many aspects of the sequence of transitions leading to turbulence in wakes behind bluff25

bodies remain imperfectly understood. Their importance in engineering, together with their26

presence in many natural phenomena, justify the intense work devoted to the dynamics27

of wakes in the laminar, transitional and turbulent regimes (Oertel Jr. 1990; Williamson28

1996), as well as the effort to develop different strategies to control their behavior (Choi29

et al. 2008). It is noteworthy that the considerable progress achieved towards these goals in30

the last few decades has been possible thanks to the combined use of experimental, numer-31

ical and hydrodynamic stability techniques. In particular, these efforts have provided with32

a reasonably complete picture of many relevant features of wakes behind two-dimensional33

bluff bodies. However, except for the wake behind spheres and disks, both of which have34

been the subject of a considerable number of experimental, numerical and stability studies,35
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2 P. Bohorquez et al.

wakes behind other axisymmetric bluff bodies have been comparatively less studied despite36

their practical importance.37

38

Wakes of axisymmetric objects undergo a rich sequence of transitions for increasing val-39

ues of the Reynolds number prior to becoming turbulent. Thus, for instance, it is known40

that the wake of the sphere exhibits a first steady axisymmetry breaking bifurcation at41

Re ≃ 210, followed by a second oscillatory one at Re ≃ 277 (Taneda 1956; Margavey &42

Bishop 1961; Levi 1980; Kim & Durbin 1988; Sakamoto & Haniu 1990; Ghidersa & Dušek43

2000; Brückner 2001; Fabre et al. 2008). Monkewitz (1988) showed that the first azimuthal44

mode |m| = 1 can become locally absolutely unstable in the near wake of axisymmetric bluff45

bodies, and found that the typical frequencies and wavenumbers associated to this absolute46

instability were close to those observed experimentally at high Reynolds numbers as large-47

scale helical structures (Achenbach 1974; Taneda 1978; Fuchs et al. 1979; Berger et al.48

1990). Afterwards, Natarajan & Acrivos (1993) showed through a global linear stability49

analysis that the two successive bifurcations were both a consequence of the destabilization50

of the first azimuthal instability mode of the basic axisymmetric steady flow. Moreover,51

Natarajan & Acrivos (1993) indicated that the wake behind a disk supported the same52

linear instability modes, only differing in the corresponding values of the critical Reynolds53

numbers. These findings were confirmed and extended by the weakly-nonlinear analyses re-54

cently performed by Fabre et al. (2008) and Meliga et al. (2009). On the experimental side55

Ormiéres & Provansal (1999) demonstrated that the second transition to periodic vortex56

shedding was a supercritical Hopf bifurcation described by the Stuart-Landau equation.57

The experiments of Brückner (2001) showed later that wakes behind bullet-shaped bodies58

with a blunt trailing edge undergo the same basic bifurcations as the sphere and the disk,59

but take place at higher Reynolds numbers.60

61

Base-bleed control of the turbulent wake of an axisymmetric blunt-based object was stud-62

ied experimentally and with a local linear stability analysis by Sevilla & Mart́ınez-Bazán63

(2004, 2006). In particular, Sevilla & Mart́ınez-Bazán (2004) found that local absolute64

instability can be suppressed for bleed coefficients larger than a certain critical value, in65

agreement with the inhibition of large-scale helical vortex shedding observed in the cor-66

responding experiments. The applicability of local stability theory to predict the critical67

bleed coefficient can be justified by noting that, while the base flow is strongly non-parallel68

in the case without base bleed, it becomes slender for bleed coefficients near the critical69

one. A similar configuration has been recently studied by Sanmiguel-Rojas et al. (2009) in70

the laminar regime by means of a global stability analysis, finding the existence of critical71

values of the bleed coefficient to re-stabilize both the steady and oscillatory global modes72

for moderately high supercritical Reynolds numbers (see also Meliga et al. 2010b).73

74

It must be emphasized that the application of local stability concepts is questionable in75

the case of strongly non-parallel flows. Indeed, for instance, the results of Pier (2008) for76

the wake of a sphere clearly show that the theory of non-linear global modes developed for77

weakly non-parallel flows (Pier et al. 1998) fails at predicting the onset of global oscillations.78

In such cases, either direct numerical simulations or global stability analyses must be made79

in order to obtain quantitatively reliable results. In particular, a detailed non-linear de-80

scription of the sequence of bifurcations which take place for increasing Reynolds numbers81

in the flow around axisymmetric bodies has been possible only recently. Thus, Schwarz &82

Bestek (1994) performed direct numerical simulations of the laminar flow around a bullet-83

shaped body at Reynolds numbers 500 and 1000, showing that the dynamics of the wake84

is controlled by a global instability of large-scale helical instability modes, resulting from85

the simultaneous destabilization and subsequent non-linear interaction of a pair of counter-86

rotating m = ±1 azimuthal modes. Afterwards, Johnson & Patel (1999) and Tomboulides87
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Stability and dynamics of the laminar wake 3

& Orszag (2000) carried out direct numerical simulations of the flow past a sphere show-88

ing very good agreement with the global stability analysis of Natarajan & Acrivos (1993)89

within the linear regime. Ghidersa & Dušek (2000) provided with a non-linear theory for90

both the axisymmetry breaking and oscillatory bifurcations in the wake of the sphere, and91

performed direct numerical simulations of the linearized and fully non-linear Navier-Stokes92

equations, showing good agreement with the previous works (see also Pier 2008). The direct93

numerical simulations due to Kim & Choi (2003) for the flow past a hemisphere revealed94

that, after the first steady symmetry-breaking bifurcation, the subsequent Hopf bifurcation95

does not preserve the symmetry plane. A third bifurcation takes place at a higher critical96

Reynolds number, in which a plane of symmetry reappears, and, finally, a fourth one leads97

to an aperiodic state. This phenomenology was later found to apply also to the wake of a98

thin disk by Fabre et al. (2008), and Shenoy & Kleinstreuer (2008). In addition, numerical99

simulations of the flow around a thick disk with length-to-diameter ratio 1/3 have been100

performed by Auguste et al. (2010), providing a detailed description of the subsequent101

non-linear states leading to the appearance of chaos in the wake. Auguste et al. (2010)102

identified a sequence of states considerably more complex than the corresponding scenario103

for the infinitely thin disk, including regimes previously unobserved in other geometries.104

105

A theoretical explanation of the different non-linear states observed in experiments and106

numerical simulations has been given recently for the wakes of a sphere and an infinitely thin107

disk by Fabre et al. (2008), and by Auguste et al. (2010) for the thick disk case. In particular,108

Fabre et al. (2008) and Auguste et al. (2010) took advantage of the fact that the Reynolds109

numbers associated to the first two bifurcations are close to each other to develop a weakly110

non-linear description based on multiple codimension bifurcation theory (Golubitsky et al.111

1988; Kuznetsov 1995), showing close agreement with direct numerical simulations. In ad-112

dition, a first-principles calculation of the coefficients associated to the weakly nonlinear113

modal expansion has been recently given by Meliga et al. (2009) for the thin disk case, by114

means of the adjoint operator technique. Unfortunately, the theory of multiple codimension115

bifurcations applied to the wake of axisymmetric bodies (see Fabre et al. 2008; Meliga et al.116

2009, and references therein) requires that the corresponding branches bifurcating from the117

original steady axisymmetric state are close enough, so that the amplitude of the nonlinear118

saturated state appearing after the first bifurcation is small. A possible measure of this119

distance is provided by the relative difference between the critical values of the Reynolds120

number associated to both instability modes, ∆ = (Reco − Recs)/Recs, where Recs and121

Reco denote the critical Reynolds numbers corresponding to the steady and oscillatory bi-122

furcations, respectively. In the case of the thin disk wake the parameter ∆ ≪ 1, and thus123

the normal form theory can be applied. However, it has been recently found by Sanmiguel-124

Rojas et al. (2009) that, for the wake of a blunt-based cylindrical body, the parameter125

∆ ∼ O(1), and the theory of multiple codimension bifurcations is thus questionable for126

this kind of body. Moreover, taking into account the substantial differences found between127

the thin and thick disk cases, discussed above, it is expected that the wake of the slender128

blunt-based body will also present specific features, which are worth considering in detail129

given the practical importance of this geometry.130

131

Therefore, the main objective of the present work is to perform a detailed study of the flow132

regimes taking place in the laminar wake of a blunt-based cylindrical body and their control133

by base-bleed, up to a Reynolds number of about 2000. The study combines experiments,134

direct numerical simulations and local/global linear stability analyses, thus extending our135

previous work on the problem (Sevilla & Mart́ınez-Bazán 2004, 2006; Sanmiguel-Rojas136

et al. 2009). The paper is structured as follows: § 2 is devoted to the presentation of the137

direct numerical simulation and experimental techniques used in this work. The results138

obtained for the particular case without base bleed, as well as the influence of the solid139
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body aspect ratio on the stability properties of the flow, are presented and discussed in140

§ 3.1, and the stabilizing effect of base bleed will be addressed in § 3.2. In addition, § 3.1141

and 3.2 include results obtained using local and global linear stability techniques indicating142

their limitations in this type of flows. Finally, § 4 is devoted to conclusions and suggestions143

for future work.144

2. Numerical and Experimental Techniques145

2.1. Three-dimensional numerical simulations146

The numerical simulations were performed with OpenFOAM R© (http://www.openfoam.com),147

an open source Computational Fluid Dynamics software package produced by OpenCFD148

Ltd. The flow configuration under study in this work consists of a uniform fluid stream of149

density ρ and viscosity µ flowing with a velocity W∞ around a cylindrical body of diam-150

eter, D, and total length L with an ellipsoidal rounded nose, of 2:1 major-to-minor axis151

ratio, aligned with the direction of the free stream. To perform the three-dimensional, un-152

steady numerical simulations of the flow, we solved the dimensionless form of the standard153

incompressible Navier-Stokes equations,154

∇ · u = 0, (2.1)

∂u

∂t
+∇ · (uu) +∇p−

1

Re
∇2u = 0, (2.2)

where Re = ρW∞ D/µ is the Reynolds number. The equations were made dimensionless,155

using D,W∞, D/W∞ and ρW 2
∞ as length, velocity, time and pressure scales respectively, in156

cartesian coordinates although, for convenience, the results will be presented in cylindrical157

coordinates, (r, θ, z), with a velocity field given by u = (u, v, w) in the radial, azimuthal158

and axial directions respetively, and the origen of coordinates placed at the central point159

of the body base.160

161

The full Navier-Stokes equations (2.1) and (2.2) were solved within the computational162

domain shown in figure 1, enclosed by five boundary surfaces. The flow inlet, denoted by Ωi,163

which consists of a semi-sphere of diameter 20 times the diameter of the slender body, D,164

is followed by a tubular surface, Ωf , that extends 50 diameters from the base of the body.165

The external boundary is closed by the outer plane, Ωo, defined as the base of the tubular166

surface. Subsequently, the body was introduced at the centerline of the cylindrical domain,167

aligned with the direction of the free-stream, as shown in figure 1(a). For notational clarity,168

the surface of the slender body was decomposed into two surfaces: the base, Ωb, plus the169

remaining part of the solid surface, Ωs. A detailed view of the solid boundaries and the170

corresponding surface mesh are also shown in figures 1(b) and 1(c). Furthermore, in order171

to validate both the computational domain, which consists of a three-dimensional mesh of172

nearly 3 × 106 hexahedras [106(r)× 60(θ)× 460(z)], and the numerical schemes described173

below, we performed numerical simulations of the incompressible laminar flow around a174

sphere of diameter D. The results obtained for the critical Reynolds numbers of the first-175

steady bifurcation, Recs ≃ 209.6, and the second-oscillatory one, 276 < Reco < 277, are176

in excellent agreement with previous results reported by other researchers (Johnson & Pa-177

tel 1999; Ghidersa & Dušek 2000; Tomboulides & Orszag 2000; Magnaudet & Mougin 2007).178

179

The present computational domain is similar to those employed in the previous numer-180

ical studies of the flow around a sphere (Johnson & Patel 1999; Ghidersa & Dušek 2000;181

Tomboulides & Orszag 2000; Magnaudet & Mougin 2007) and hemisphere (Kim & Choi182

2003), where the non-dimensional spatial domain along the upstream and the radial di-183

rections from the body varied from 9 to 25 and from 8 to 25, respectively, whilst the184

length downstream from the sphere usually takes values between 25 and 30. Furthermore,185
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Ωo
Ωi

Ωf

Ωs

Ω
b

(a)

Z

Z

Ωb

Ωs Ωs

(b) (c)

Figure 1. (a) Sketch and boundaries of the computational domain employed in the three-dimen-
sional numerical simulations. Detail of the ellipsoidal bluff-body mesh and sketch of its boundaries
(i.e. base and ellipsoidal surface, denoted by Ωb and Ωs, respectively): (b) frontal and (c) rear view.

Sanmiguel-Rojas et al. (2009) showed in their global stability analyses that the eigenvalue186

spectrum obtained for a cylindrical body similar to the one considered here was nearly187

independent of the length and the width of the computational domain for the domains188

employed in our computations.189

190

Equations (2.1) and (2.2) were solved with the following boundary conditions (see fig-191

ure 1),192

u(x, t) = 0 , x ∈ Ωs , t > 0 , (2.3)

u(x, t) = (0, 0, 1)T , x ∈ Ωi , t > 0 , (2.4)

u(x, t) = (0, 0, Cb)
T , x ∈ Ωb , t > 0 , (2.5)

n · u(x, t) = 0 , x ∈ Ωf , t > 0 , (2.6)

p(x, t) = n · ∇u(x, t) = 0 , x ∈ Ωo , t > 0 , (2.7)

where we assumed a free stream of uniform velocity profile at the inlet of the computa-193

tional domain, Ωi, (equation (2.4)), and allowed a uniform injection of fluid throughout194

the base of the slender body, Ωb, of velocity Cb = Wb/W∞ which denotes the bleed-to-195

free-stream velocity ratio, referred to as bleed coefficient (equation (2.5)). On the other196

hand, we imposed slip boundary condition at Ωf , given by equation (2.6), where n is the197

normal surface vector pointing outwards of the computational domain. The pressure values198

in the boundary conditions (2.3)-(2.6) are implicitly obtained through the continuity equa-199

tion (2.1) (as described by Ferziger & Perić 2002), and it is set constant at the outlet, Ωo200

(equation (2.7)), see Tomboulides & Orszag (2000). Nevertheless, this bounday condition201

at Ωo was also supplemented with a Neumann boundary condition for the velocity vector.202

Details of the numerical schemes implemented can be found in Appendix A.1.203

204
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direction
Flow

direction
Flow

D

D

z z

D
≤

L
≤

6D

L = D

L = 2D

L = 3D

L = 4D

L = 6D

(a) (b) (c)

Figure 2. Shape of the axisymmetric body with a rounded ellipsoidal nose used in this work. (a)
Solid body, (b) hollow body used in the experiments with base bleed and, (c) image of the different
solid bodies with length-to-diameter ratios L/D = 1, 2, 3, 4 and 6, respectively. The shaded area
in figure 2(b) represents the piece of foam inserted to guarantee a uniform bleed velocity.

2.2. Experimental details205

The velocity measurements of the wake behind an axisymmetric slender body with an el-206

liptical nose of 2:1 major-to-minor axis ratio and a sharp trailing edge were performed in207

a vertical wind tunnel of 20 × 20 cm2 cross section. Different bodies of diameter D=1 cm,208

and length-to-diameter ratios L/D = 1, 2, 3, 4 and 6, respectively, were used to determine209

the effect of the boundary layer thickness at the separation point on the stability proper-210

ties of the flow (see figures 2a and 2c). The body, which was aligned with the free stream,211

was held with a 1 mm external diameter hollow needle welded internally to the body at212

z = −L/2D (the middle point of the body). After connecting the supporting needle, the213

junction was polished to obtain a smooth surface over the body. To verify that the holding214

device did not introduce any perturbation in the flow, we measured the velocity fluctua-215

tions at r = 0.5 and several downstream positions, and no oscillations were observed for216

Re < Reco. Furthermore, considering the range of Reynolds numbers explored in this work,217

the Reynolds number based on the diameter of the supporting neddle was smaller than 50218

in most of the cases and, consequently, vortex shedding did not take place. Nevertheless,219

if vortex shedding took place, the shedding frequencies would be of the order of 200 Hz220

and no energy was observed in this range of frequencies in the energy spectra obtained221

experimentally. A hot wire anemometer was used to measure the streamwise velocity, w(t),222

at several downstream positions. The temperature was monitored to precisely calculate the223

density and viscosity of the air stream.224

225

Base bleed was used as wake control mechanism to inhibit the emission of vortices from226

the base of the body. Thus, the supporting needle, also used to inject the control fluid,227

was connected to the air feeding line and a hollow slender body as shown in figure 2(b).228

A piece of foam was inserted inside the body to generate a pressure drop large enough229

to guarantee a uniform beed velocity profile. The holding needle was connected through230

a Luer connector to the air feeding line, which consisted of the pneumatic tube provided231

with an Aalborg c© digital mass flowmeter, a precision valve used to precisely control the232

air flow rate injected and a pressure regulator. The feeding line was connected to the 6233
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Stability and dynamics of the laminar wake 7

(a)

(b)

Figure 3. Contours of constant streamwise vorticity, ωz = ±0.05, for Re = 350: (a) plan and (b)
side view. The figure shows that the flow is steady and exhibits planar symmetry.

bar compressed air line of our laboratory. To check the uniformity of the air flow injected234

through the base of the body, we measured the bleed velocity placing the hot wire probe235

near the base of the body at different radial positions, getting almost identical values of236

anemometer output voltage. Additionally, we also performed shadowgraphs to visualize the237

bleed flow using Helium to make sure that the flow was uniformly injected through the base238

of the body.239

3. Results and discussion240

We shall first describe in §3.1 the sequence of transitions occurring in the wake of a body241

with length-to-diameter ratio L/D = 2 for increasing values of the Reynolds number, in the242

absence of base bleed. In addition, an analysis of the influence of L/D will be presented to243

close §3.1. The details of the procedures used to determine the critical Reynolds numbers244

corresponding to the stationary and the oscillatory bifurcations are given in Appendix B.245

Subsequently, in §3.2 we focus on a fixed body with L/D = 2, presenting a detailed analysis246

of the stabilising effect of base bleed. We show, in particular, that the axisymmetric base247

state can be recovered for Re ≤ 2000 by injecting a sufficient amount of fluid through248

the body base. In both sections, we will discuss the results obtained from the numerical249

simulations, the global linear stability analysis, and the experiments. Moreover, in §3.2 we250

complete our work by discussing the validity of the local stability analysis to predict the251

critical bleed coefficient needed to inhibit the second oscillatory bifurcation.252

3.1. Description of the flow field and results without base bleed, Cb=0.253

According to our three-dimensional numerical simulations, the flow past a cylindrical body254

with an elliptical nose and length-to-diameter ratio 2 is axisymmetric for Reynolds num-255

bers up to Re3dcs ≃ 319, where the flow experiences a first transition to a steady, non-256

axisymmetric state. Although for Re > Re3dcs the wake no longer exhibits axial symmetry,257

it still remains steady for Reynolds lower than Re3dco ≃ 413. Figure 3, which shows the258

isosurfaces corresponding to the positive (light) and negative (dark) values of the axial259

vorticity of ωz = ±0.05, illustrates the loss of axial symmetry at Re = 350. This regime is260

similar to that observed in the sphere and the disk for Reynolds numbers above 210 and261

115, respectively, as a consequence of the destabilization of a global mode referred to as262

the steady state (SS) mode according to Fabre et al. (2008). Notice that the pair of steady263

streamwise vortices extends upstream of the solid-body base, indicating the global nature264

of the steady state mode. The flow is characterized by a loss of axisymmetry, although it265

attains a state where planar symmetry is observed, as shown in figure 3(a). However, the266

view obtained by a 90o azimuthal rotation of the mesh, see figure 3(b), illustrates the fact267

that the streamwise vortices are not aligned with the streamwise direction but exhibit an268

eccentricity increasingly larger as we move further downstream from the solid base, similar269

to the sphere and disk wakes (e.g. Ormiéres & Provansal 1999; Tomboulides & Orszag 2000;270
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Figure 4. (a) Eigenvalue spectrum for Re = 350, |m| = 1 and L/D = 2. (b) Isolines of the real
part of the normalized eigenfunctions û, v̂, ŵ and p̂ for the eigenvalue marked with a square in
(a). The eigenfunctions have been normalized with ‖q̂‖∞.
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Figure 5. (a) Time history of the fluctuations of the streamwise velocity component, w(t)−〈w(t)〉,
obtained numerically at (0,0,7) for Re = 415. The inset in (a) shows a monochromatic signal, as
corroborated by the power spectral density shown in (b) at z = 7 and z = 3 for t > 500.

Thompson et al. 2001; Schouveiler & Provansal 2002). The dependence of the eccentricity271

with the Reynolds number has been quantified in Appendix B to provide a precise de-272

scription of the method used to determine the onset of the SS mode for our bullet-shaped273

geometry (see also Mullin et al. 2009). In addition to performing the three dimensional274

numerical simulations we also carried out global stability analyses of the same geometrical275

configuration, obtaining a critical Reynolds number of ReGLS
cs ≃ 327 for the first bifurca-276

tion, which only differs from that given by the numerical simulations, Re3dcs ≃ 319, by about277

2.5%. The results obtained by the global linear stability analysis for Re = 350 and |m| = 1,278

have been represented in figure 4. Specifically, figure 4(a) indicates that, in agreement with279

the numerical simulations, at Re = 350 the spectrum exhibits only one unstable eigenvalue280

(σr > 0) which corresponds to a three-dimensional (|m| = 1) and steady (σi = 0) pertur-281

bation. The associated normalized eigenfunctions are plotted in figure 4(b), showing the282

presence of two counterrotating streamwise vortices aligned within the streamwise direc-283

tion. Details of the numerical schemes used to perform the global stability analyses can be284

found in Appendix A.2.285

286
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(a)

(b)

(c)

(d)

Figure 6. Plan view of streamwise vorticity contours, ωz = ±0.05, close to criticality for Re = 415
at every quarter period: (a) φ = 0, (b) φ = π/4, (c) φ = π and (d) φ = 3π/4. See Movie 1 included
as supplementary material.

(a)

(b)

(c)

(d)

Figure 7. Side view of streamwise vorticity contour, ωz = ±0.05, as for figure 6: (a) φ = 0, (b)
φ = π/4, (c) φ = π and (d) φ = 3π/4.

By increasing the Reynolds number in the three-dimensional numerical simulations above287

Re3dco = 413 we observe the development of a second transition to an oscillatory mode which288

retains the planar (or reflectional) symmetry due to the destabilization of a reflectional sym-289

metry preserving (RSP) mode according to Fabre et al. (2008). It is worth pointing out290

that in the present work we shall make use of the notation employed by Fabre et al. (2008),291

although Meliga et al. (2009) and Auguste et al. (2010) referred to the RSP mode as MM0292

and Zig-zig, respectively. Figure 5 shows the streamwise velocity signal recorded at the293

symmetry axis for Re = 415 and z = 7, as well as the corresponding power spectral density294

(PSD) function for t > 500, which is obtained after removing the time averaged streamwise295

velocity, defined here as 〈w(t)〉 = T−1
∫ t+T

t w(t) dt. As in the case of the sphere (Schou-296

veiler & Provansal 2002), monochromatic vortices are shed for Reynolds numbers slightly297

larger than Re3dco . Subsequently, the vortex shedding Strouhal number is about 0.1246 and298
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Figure 8. (a) Eigenvalue spectrum for Re = 518, |m| = 1 and L/D = 2. (b) Isolines of the real
part of the normalized eigenfunctions û, v̂, ŵ and p̂ for the eigenvalue marked with a circle in (a).
The eigenfunctions have been normalized with ‖q̂‖∞.

lies very close to the experimental value of 0.1231 obtained for the same geometry near the299

critical Reynolds number (see also figure 10). Similarly to the case of the steady planar-300

symmetric regime, the vorticity contours provide a clear picture for the structure of the301

wake. Figures 6 and 7 show an analogous view to figures 3(a) and 3(b), respectively, at four302

phases φ of the vortex shedding cycle (see Movie 1 supplied as supplementary material).303

However, the global stability analysis predicts the oscillatory bifurcation for ReGLS
co ≃ 518,304

thus showing a significant difference with respect to both the numerical simulations and305

the experiments, where Re3dco ≃ 413 and Reexpco ≃ 412.4, respectively (see below). It is im-306

portant to emphasise that this overprediction in the critical Reynolds number of the second307

bifurcation is due to the use of an axisymmetric basic flow for Reynolds numbers higher308

than the one corresponding to the first, steady bifurcation. Notice that, at supercritical309

Reynolds numbers, Re > Recs, the original basic flow is already perturbed and, in partic-310

ular, is no longer axisymmetric due to the three-dimensional nature of the first bifurcation311

mode, |m| = 1. Figure 8(a) shows the spectrum for ReGLS
co ≃ 518, where the eigenvalue312

corresponding to the unstable oscillatory mode has been marked with a circle. This second313

transition corresponds to a three-dimensional, |m| = 1, and oscillating perturbation with314

a Strouhal number St = σi/2π ≈ 0.102, whose associated normalized eigenfunctions have315

been plotted in figure 8(b), showing a spatially periodic structure similar to the ones ob-316

tained in the numerical simulations. The discrepancy between the vortex shedding Strouhal317

numbers obtained from the global stability analysis and the numerical simulations indicates318

that the exact structure of the global modes and its temporal frequency must be deter-319

mined by means of a three-dimensional global stability analysis as described by Bagheri320

et al. (2009), though such task is outside the scope of the present paper.321

322

The single-frequency vortex shedding process observed in our numerical simulations oc-323

curs up to Re ≃ 450 and the structure of the flow is similar to that reported for the sphere324

in the range of Reynolds number 285 < Re < 300 by Tomboulides & Orszag (2000). For325

increasing values of Re > 450, we find the development of harmonics as shown in figure 9.326

Notice that in the case of the flow past a sphere at Re = 300, the appearance of harmonics327

is clearer in the numerical simulations (Tomboulides & Orszag 2000) than in experiments328

(Schouveiler & Provansal 2002). Therefore, the present numerical results qualitatively agree329

with previous known numerical results for the wake of a sphere. However, it is worth noting330
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Figure 9. (a) Time history of the fluctuations of the streamwise velocity component, w(t)−〈w(t)〉,
obtained numerically at (0,0,7) for Re = 450. The presence of harmonics is illustrated in the inset
of (a) as well as in panel (b), which shows the power spectral density at z = 3 and z = 7.
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Figure 10. Comparison between the evolutions of the vortex shedding Strouhal number, Stsat,
with the Reynolds number, Re, obtained from the numerical simulations and experimental mea-
surements for a body of aspect ratio L/D = 2.

that the energy associated to the harmonics diminishes as we decrease the distance to the331

bluff-body base. For instance, figure 9(b) shows that their effect is negligible at z = 3,332

whilst their energy grows as we move downstream, for example at z = 7. Thus, in order333

to determine the Strouhal number corresponding to the primary frequency of the vortex334

shedding, Stsat, we have performed the spectral analysis of the streamwise velocity w(t)335

at (0, 0, 3), a position where the dominant frequency is more energetic, up to a Reynolds336

numbers of 500. The results shown in figure 10 indicate that the Strouhal number slightly337

increases with Re, a result which is consistent with the case of a sphere (e.g. Ormiéres &338

Provansal 1999; Schouveiler & Provansal 2002). This figure also shows the Strouhal num-339

bers obtained experimentally indicating the good ageement between the numerical and the340

experimental results.341

342

Finally, we have also observed the development of marked oscillations upstream of the343

body base in the presence of vortex shedding, an effect that increases as the Reynolds num-344

ber increases. In fact, the oscillations of velocity and pressure upstream of the solid-body345

base are clearly observed at moderate Reynolds numbers, e.g. Re = 500, and can be noted346

by plotting the vorticity contours. Thus, figure 11 illustrates the low frequency shedding of347
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 11. Plan view of streamwise vorticity contours, ωz = ±0.05, at Re = 500 at every half
period: (a) φ = 0, (b) φ = π, (c) φ = 2π, (d) φ = 3π, (e) φ = 4π, (f) φ = 5π, (g) φ = 6π and (h)
φ = 7π. See Movie 2 included as supplementary material.

vortices during 4 cycles; in the two first cycles, i.e. from φ = 0 to 4π, it can be observed that348

the distribution of streamwise vorticity fluctuates smoothly on the solid surface, similarly349

to what happens at Reynolds numbers close to criticality. Note that, at φ = π, 3π it is350

evident that the vorticity contours over the solid body oscillate in the streamwise direction351

and recover their initial state at φ = 2π, 4π (these oscillations can be clearly seen in Movie352

2 supplied as supplementary material). Indeed, the vortices that are shed at this stage353

are similar to those described in figures 6 and 7 for Re = 415. The oscillations are more354

intense in the two consecutive periods and the ensuing vorticity contours differ from the355

previous ones which are convected downstream. This sequence is periodic, the phenomenon356

appearing in the numerical simulation every 4 cycles. The emision of low frequency vortices357

is apparent in Movie 2 included as supplementary material. Indeed, the power spectral358

density functions shown in figures 12(a) and 12(b) for the streamwise and tangential com-359

ponents of the velocity fluctuations respectively indicate that the predominant Strouhal360

numbers are those corresponding to the natural shedding frequency (denoted hereafter by361

Stsat) and, approximately, a quarter of Stsat, Stl ≈ Stsat/4. Note that, here Stl resembles362

the low (or secondary) frequency observed for the flow past a sphere at Re > 360 which363

has been associated to the loss of the planar symmetry due to irregular variations in the364

azimuthal orientation of the vortex shedding, see Tomboulides & Orszag (2000, p. 65 and365

figure 20 b) and Schouveiler & Provansal (2002, p. 3851 and figure 9). However, unlike in366

the case of the sphere, the reflectional symmetry is maintained in the current scenario, as367

shown in figure 11. This flow regime is not yet fully described in the literature, but a brief368

mention of its existence on the wake of a sphere can be found in Bouchet et al. (2006) at369

Re ∼ 325. A similar phenomenon has been also reported by Stewart et al. (2010) for a370

sphere rolling down an incline wall, which exhibits dual spectral peaks at Re = 225 whilst371
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Figure 12. Power spectral density at z = 7 for Re = 500 corresponding to the (a) streamwise and
(b) tangential velocity components given by the numerical simulations. The ratio between Stsat
and Stl is, approximately, 4.02.

the flow retains the symmetry plane. However, in such case the low-frequency corresponds372

to Stl = 0.045 whilst the dominant frequency is Stsat = 0.12 for a lower Reynolds number373

of Re = 212.5, i.e. the secondary frequency is approximately one third of the leading fre-374

quency. In addition, the wake of a thick circular disk is also characterised by the persistence375

of planar symmetry and the appearance of a secondary frequency close to one-third of the376

leading one for Reynolds numbers above 217 (Auguste et al. 2010). However, unlike in the377

present case, in the case of a thick disk this flow regime results after a sequence of bifur-378

cations occurring at lower Reynolds numbers. Thus, techniques more complex than those379

used in the present work, like the global dynamic modes described in Schmid (2010), would380

be needed in order to better understand this complex flow behaviour. It is worth mention-381

ing that the excitation of new frequencies in the wake (i.e. the low-frequency modulation382

and the harmonics of the main frequency), leads to a decrease of the energy associated383

to the leading velocity fluctuations due to the non-linear energy transfer from the natural384

frequency Stsat to the newly excited ones.385

386

In addition to performing three-dimensional numerical simulations, we also measured387

experimentally the critical Reynolds number for the second, oscillatory bifurcation, Reexpco ,388

for different bodies whose lenght-to-diameter ratio varied from L/D = 1 to L/D = 6. To389

determine the critical value of the Reynolds number, Reexpco , we examined the evolution with390

the Reynolds number of the squared amplitude of the streamwise velocity fluctuations, w′2
fc
,391

defined here as (see Sanmiguel-Rojas et al. 2009),392

w′2
fc =

∫ fc+∆fu

fc−∆fd

PSD(f) df, (3.1)

where PSD(f) is the power spectral density obtained from the velocity measurements,393

fc is the characteristic shedding frequency and, ∆fd and ∆fu correspond to the interval394

of frequency around fc for which the power spectral density drops down to 5% the peak395

value. The linear increase of w′2
fc

with the Reynolds number near the critical value indicates396

that the transition to the oscillatory regime corresponds to a supercritical Hopf bifurcation.397

The critical value of the Reynolds number was then determined by linear regression of the398

experimental measurements of w′2
fc

near criticality. To quantify the experimental error and399

the independence of the critical Reynolds number with the downstream position at which400

the measurements were taken, we determined Reexpco at different axial positions. Thus, we401

obtained critical values of the Reynolds number at z= 2, 3, 5 and 7, finding discrepancies402

always smaller than 1%. Special care was taken in our experiments to align the bodies403

under study with the freestream, however, a small misaligment could result in errors of the404
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Figure 13. (a) Energy of the streamwise velocity fluctuations w′2
fc

obtained experimentally at
(r = 0, z = 3), as function of the Reynolds number for the different bodies of L/D = 1, 2, 3, 4
and 6 used in this work. (b) Energy of the tangential velocity perturbations, v′2fc , at (r = 0, z = 7)
versus the Reynolds number given by the numerical simulations for a body of L/D = 2.

order of 5%.405

406

Figure 13(a) shows the dependence of the energy of the velocity fluctuations, w′2
fc
, at407

(r = 0, z = 3) with the Reynolds number near the critical point for bodies of aspect ratio408

L/D = 1, 2, 3, 4 and 6 respectively, indicating that Reexpco increases as L/D increases. Sim-409

ilarly, figure 13(b) displays the evolution with the Reynolds number of the energy of the410

tangential velocity perturbations at (r = 0, z = 7) given by the numerical simulations for411

L/D = 2. Notice that the prediction of the oscillatory bifurcation given by the numerical412

simulations for a bullet-like body of aspect ratio equal to 2, Re3dco ≃ 413, is nearly identical413

to the experimental one, Reexpco ≃ 412.4, though the numerical result shows a deviation414

from the linear behavior predicted by the Landau model at Re > 450 because of the de-415

velopments of new frequencies discussed above. Similarly, the modes observed for the body416

aspect ratio L/D = 1 are the same as those found for L/D = 2, as described in Appendix B,417

and the critical Reynolds number obtained from the numerical simulations for a body of418

L/D = 1, Re3dco ≃ 254, agrees fairly well with the experimental value, Reexpco ≃ 267.6.419

Since this second transition is also due to a reflectional symmetry preserving mode, there420

are marked differences in the phenomenology of the hemielliptic geometry considered in421

this work with respect to the hemisphere, which exhibits a second reflectional symmetry422

breaking mode (Kim & Choi 2003). The relative difference between the critical values of423

the Reynolds number associated to the SS and RSP modes obtained from the numerical424

simulations, ∆3d, is larger than 0.18 for L/D ≥ 1. Consequently, the assumption of simul-425

taneously nearly neutral modes, e.g. Fabre et al. (2008), is questionable for afterbodies, as426

we further discuss below.427

428

The same qualitative behaviour has been observed as the body aspect ratio, L/D, is mod-429

ified. Figure 14 shows the effect of L/D on the critical Reynolds numbers, without base430

bleed, obtained from our experimental measurements, numerical simulations and global431

linear stability for |m| = 1. It can be observed that, in the particular case of L/D = 1432

and 2, the critical Reynolds number for the first, steady bifurcation given by global lin-433

ear stability analysis agrees very well with that obtained from the numerical simulations,434

ReGLS
cs ≃ Re3dcs (numerical simulations for larger bodies, L/D > 2, were not performed).435

Furthermore, as mentioned above, the predictions of the critical Reynolds number for436

the second, oscillatory bifurcation obtained numerically also agree with the experimen-437

tal results, Re3dco ≃ Reexpco , however the global stability analysis considerably overestimates438

the critical Reynolds number associated to the oscillatory bifurcation. Thus, the value of439

∆GLS = (ReGLS
co − ReGLS

cs )/ReGLS
cs , based on the global linear stability analysis, varies440

from 0.29 for L/D = 1 to 1.04 for L/D = 10, indicating that the effect of considering441
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Figure 14. Dependence of the critical Reynolds numbers on the aspect ratio of the body, L/D,
for the case without base bleed, Cb = 0. Comparison among the results given by linear global
stability analysis (superscript GLS), numerical simulations for L/D = 1, 2 (superscript 3d) and
experiments for L/D = 1, 2, 3, 4 and 6 (superscript exp). Note that the subscript cs and co denote
the critical Reynolds number for the onset of the steady and oscillatory mode, respectively.

a unperturbed base flow on the stability analysis induces larger errors in the prediction442

of Reco and St as L/D increases. Indeed, the relative gap between the critical Reynolds443

numbers for the sphere is nearly equal to that of our hemi-ellipse, but the global linear444

stability analysis works much better for the sphere (Pier 2008). Consequently, it is ex-445

pected that the saturated amplitude of the mode yielding the transition to the SS-state is446

much larger for the geometries analysed herein than for the sphere. It is worth mentioning447

that ∆ also increases with the Mach number for an afterbody, see Meliga et al. (2010a,b),448

and thus the theoretical quantification of the reflectional symmetry preserving mode in the449

compressible regime may also deserve the use of either three-dimensional global stability450

analysis (Bagheri et al. 2009) or three-dimensional numerical simulations. Figure 14 also451

shows that, as L/D increases, the critical Reynolds numbers increases for both modes,452

indicating that the wake is more stable for longer bodies.453

3.2. Description of the flow field and results with base bleed, Cb > 0.454

Several works have demonstrated that the presence of base bleed has a strong stabilizing455

effect on two-dimensional bluff-body wakes (see for instance Wood 1964, 1967; Bearman456

1967; Schumm et al. 1994; Hammond & Redekopp 1997; Arkas & Redekopp 2004). In457

the particular case of blunt-based axisymmetric bodies, of interest in this work, Sevilla &458

Mart́ınez-Bazán (2004) showed that the large-scale helical structures present in the high459

Reynolds number turbulent wake can be inhibited by means of a sufficiently large value460

of the base bleed coefficient, in agreement with corresponding local stability calculations.461

Similarly, in the case of the laminar wake which prevails at moderately large values of the462

Reynolds number, the global stability analysis performed by Sanmiguel-Rojas et al. (2009)463

showed the existence of critical values of the bleed coefficient to stabilize both the steady464

and subsequent oscillatory global modes appearing in the steady axisymmetric wake. Note465

that both the local and global linear stability analyses respectively performed in Sevilla &466

Mart́ınez-Bazán (2004) and Sanmiguel-Rojas et al. (2009) consider the steady axisymmetric467

wake as basic flow, an approximation used also in the present work. Moreover, base bleed468

control of unsteadiness in a compressible afterbody wake has been recently investigated469

by Meliga et al. (2010b) through a global linear stability analysis of the basic axisymmetric470
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Figure 15. Time series of the streamwise velocity, w(t), obtained numerically at (a) (r = 0, z = 1)
for the values of the bleed coefficient Cb = 0, 0.01 and 0.05, and (b) at xA ≡ (0.5, 0, 1) and
xB ≡ (0.5, π/2, 1) for Cb = 0.05 and 0.08125. Here Re = 500.

state. However, as already discussed in §3.1, the wake is not axisymmetric at the onset of471

unsteadiness due to the symmetry-breaking mode which bifurcates at smaller values of the472

Reynolds number, leading to linear stability predictions for the critical Reynolds number473

which are quantitatively wrong. Since this is also expected to affect to the corresponding474

values of the critical bleed coefficients, in this section we will present results obtained, not475

only through local and global stability analyses, but also from direct numerical simulations476

of the wake with base bleed, as well as experimental measurements.477

478

Let us show first the results obtained from the numerical simulations performed for a479

body of aspect ratio L/D = 2 at a Reynolds number of 500, for which the wake is unsteady480

as discussed in §3.1. The fluctuations of streamwise velocity, w(t), at the particular loca-481

tion (r = 0, z = 1), are displayed in figure 15(a) for several values of the bleed coefficient,482

namely Cb =0, 0.01 and 0.05, clearly illustrating the stabilizing effect of base bleed on483

the oscillatory mode. Note from figure 15(a) that, in the case without base bleed, Cb = 0484

(solid line), the velocity signal is multimodal and indicates the presence of a low frequency485

mode as discussed in §3.1 (see figure 11). However, the introduction of a very small amount486

of base-bleed, Cb = 0.01 (dotted line), makes the velocity signal perfectly monochromatic487

after a short relaxation time of the order of one shedding period, accompanied by a slight488

reduction in the oscillation amplitude. It is interesting to note that this unimodal behaviour489

is similar to that observed without base bleed at values of the Reynolds numbers closer490

to the critical one. It is also observed in figure 15(a) that for a base bleed coefficient of491

Cb = 0.05 (dashed line) the centerline velocity signal reaches a constant value after re-492

laxation, indicating a complete suppression of the oscillatory mode. Clearly, there exists493

a critical value of the bleed coefficient 0.01 < C∗

b2 < 0.05 such that the oscillatory global494

mode is inhibited for values of Cb > C∗

b2. Unfortunately the three-dimensional unsteady495

numerical simulations are especially time consuming close to criticality, thus making the496

accurate determination of the curve C∗

b2(Re) a difficult task to deal with. Consequently,497

only upper and lower bounds have been obtained for the values of C∗
b2 at different Reynolds498

numbers, as discussed below.499

500

A more detailed study reveals that for Cb = 0.05, while the unsteady mode is completely501

suppressed at Re = 500, the steady symmetric mode still persists. This fact is illustrated502

in figure 15(b), where the streamwise velocity is plotted versus time, during the transients503

following the imposition of a constant base bleed coefficient Cb = 0.05, at the points xA and504
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(a) (b)

Figure 16. Isosurfaces of the streamwise vorticity, ωz = ±0.05, for Re = 1000 and Cb = 0.105:
(a) plan and (b) perspective view. The flow is steady and exhibits planar symmetry.

xB , with (r, θ, z) coordinates respectively given by (0.5, 0, 1) (dashed line) and (0.5, π/2, 1)505

(dash-dotted line). Taking into account that the points xA and xB are located at positions506

differing only by a 90◦ azimuthal rotation, the fact that their corresponding asymptotic,507

axial steady velocities are different, w(xA) ≃ 0.35, w(xB) ≃ 0.4, indicates the absence of508

axisymmetry in the wake for Re = 500 and Cb = 0.05. Nevertheless, the axisymmetric state509

can be recovered at Re = 500 by increasing the base bleed coefficient past a certain critical510

value given by C∗

b1 ≃ 0.0723, as explained in more detail in Appendix B. For instance, in511

figure 15(b) it can be seen that the steady streamwise velocities are identical at the points512

xA and xB for a bleed coefficient Cb = 0.08125.513

514

The critical bleed coefficient C∗
b1(Re) needed to re-stabilize the steady state mode in-515

creases with the Reynolds number giving, for instance, a value C∗

b1 ≃ 0.11 for Re = 1000.516

Consequently, the steady non-axisymmetric wake can exhibit a considerable downstream517

displacement for Cb < C∗
b1, specially at large Reynolds numbers. This feature is illus-518

trated in figure 16, where the isocontours of streamwise vorticity ωz = ±0.05 are shown for519

Re = 1000 and Cb = 0.105, slightly below C∗
b1. It can be clearly seen that the axisymmetry-520

breaking mode is present, as revealed by the existence of a symmetry plane, while, at the521

same time, the vortical structures present in the double-threaded wake are located at a522

considerable distance downstream of the body base due to the effect of the base-bleed mo-523

mentum. The procedure followed to determine C∗

b1 and its dependence with the Reynolds524

number is similar to that employed in the computation of Re3dcs (L/D) in the case without525

base bleed, as described in Appendix B.526

527

In addition to looking for critical values of the base bleed coefficient, we have also per-528

formed a more detailed numerical study of its effect on the unsteady wake in the nonlinear529

regime at several values of Cb < C∗

b2(Re), for which the oscillatory mode is self-excited530

with a finite amplitude. As an example, figure 17 shows the power spectral density of the531

streamwise velocity component at z = 7, as a function of the Strouhal number, St, for a532

body with L/D = 2, at a Reynolds number of Re = 430. This figure reveals the presence of533

a single peak in the spectrum, corresponding to the periodic and monochromatic shedding534

of vortices in the wake at Re = 430. Note from figure 17 that the injection of a very small535

base-bleed flow rate with Cb = 0.005 (solid line), decreases the amplitude of the peak from536

≃ 0.1 in the case without base bleed (dashed line), to . 0.01 for Cb = 0.005. Notice also537

that the value of the Strouhal number, St ≃ 0.128 is hardly affected by Cb at this particular538

Reynolds number, Re = 430. More generally, both experiments and numerical simulations539

showed that the Strouhal number St has a very weak dependence on Cb, but increases with540

Re at a given value of Cb, as can be observed in figure 20 below. At higher Reynolds num-541

bers where, in the case without base bleed, the velocity signal is multimodal, the addition542

of base bleed first makes the velocity fluctuations monocromatic and, for larger value of543

Cb, completely stabilises the wake.544

545

The effect of base bleed on the eigenvalue spectra of linear global modes has been546
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Figure 17. Power spectral density of the streamwise velocity component at (r = 0, z = 7) for a
body of aspect ratio L/D = 2, at a Reynolds number of Re = 430 and Cb = (0, 0.005).

discussed in detail in Sanmiguel-Rojas et al. (2009). For the particular case of a body547

with L/D = 2, the corresponding results are summarised in figure 18, where the eigen-548

values (σr , σi) are plotted for Re = 500, |m| = 1, and four different values of Cb =549

(0, 0.04, 0.06, 0.08). Note from figure 18 that, as Cb increases, the leading eigenvalues σs and550

σo, corresponding respectively to the steady and oscillatory modes, move towards the stable551

σr < 0 half-plane. Specifically, figure 18(a) shows that for Cb = 0 the oscillatory mode is552

slightly damped, in agreement with the fact that ReGLS
co = 518 in this case (see figure 8),553

and has an associated frequency σo
i ≃ 0.65. However, it is also observed in figure 18(a) that,554

since ReGLS
cs = 327 (see figure 14), the steady state mode is unstable, σs

r > 0 without base555

bleed. Figures 18(b)-18(d) reveal that both growth rates σs
r and σo

r decrease as Cb increases556

and, in particular, figures18(c) and 18(d) show that 0.06 < C∗
b1 < 0.08. More generally, for557

given values of L/D, Re and Cb, the conditions σs
r = 0, σo

r = 0 were used to determine the558

critical bleed coefficients C∗
b1 and C∗

b2, respectively.559

560

Figure 19 summarises the values of the critical base-bleed coefficients obtained using local561

(crossed line) and global (solid and dashed lines) stability analyses, as well as those com-562

puted by means of direct numerical simulations performed for Re = (430, 450, 500, 600, 800)563

(circles and triangles) and, in the case of the steady bifurcation, also Re = 1000 (circle).564

Similarly to the case of Re3dcs discussed above, a perfect agreement is obtained between the565

direct numerical simulations and global stability predictions for the curve C∗

b1(Re) (circles566

and solid line, respectively), demonstrating the capability and accuracy of the global sta-567

bility approach in this case. The accurate determination of C∗

b1(Re) by the global stability568

analysis is of practical interest because it allows us to quantify the upper bound for the569

bleed coefficient required to inhibit not only the steady mode but also the periodic state, at570

least for the parameter settings investigated here. Therefore, since the direct numerical sim-571

ulations are much more time consuming than the global stability analysis, they were only572

used to compute the C∗

b1(Re) neutral curve for values of the Reynolds number Re ≤ 1000,573

the remaining range 1000 ≤ Re ≤ 2000 being covered only by the results obtained through574

the global stability analysis. Note that the condition Cb > C∗
b1(Re) defines a region of575

the (Re,Cb) parameter plane, referred to as region I in figure 19, within which the wake576

subjected to base bleed is steady and axisymmetric. Figure 19 shows also that the trend577

of the curve C∗
b1(Re) is consistent with the existence of an asymptote at large Reynolds578

numbers, such that C∗

b1 → 0.125 for Re → ∞. However, this result must be interpreted579

with care, since the instability of the shear layer separating from the body base may induce580
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Figure 18. Eigenvalue spectra for a body with aspect ratio L/D = 2, Re = 500, |m| = 1 and base
bleed coefficients (a) Cb = 0, (b) Cb = 0.040, (c) Cb = 0.060 and (d) Cb = 0.080, respectively. The
unstable eigenvalue corresponding to the steady bifurcation has been marked with a square.

the transition to turbulence in the wake for large enough values of the Reynolds number581

(see for instance Prasad & Williamson 1997).582

583

For values of Cb such that C∗
b2(Re) < Cb < C∗

b1(Re), defined as region II in figure 19,584

the wake is steady and exhibits planar symmetry, having in this case a near field similar585

to that shown in figure 16. However, when the bleed coefficient is decreased below the586

critical value C∗
b2, i.e. for Cb < C∗

b2(Re), the oscillatory mode is destabilised, correspond-587

ing to region III in figure 19. In this case, periodic vortex shedding of vortex structures588

takes place, resembling the cases displayed in figures 6 and 7 for the case without base bleed.589

590

Furthermore, as revealed by figure 19, the critical values C∗
b2(Re) computed with the local591

and global stability analyses, respectively shown as crossed and dashed lines, are in good592

agreement for large enough values of the Reynolds number, Re & 1200. This result can be593

explained by noting that the slenderness of the basic flow at criticality increases with Cb, as594

already pointed out in Sevilla & Mart́ınez-Bazán (2004), thereby justifying the use of the595

quasi-parallel approximation. However for Reynolds number Re . 800 the global stability596

analysis predicts values of C∗

b2 considerably smaller than those obtained through experi-597

ments and direct numerical simulations, which clearly cannot be used to obtain the critical598

bleed coefficient in that region. As the Reynolds number decreases, the value of C∗
b2 given599

by the global analysis decreases for Re . 800, until it becomes zero at Re = ReGLS
co ≃ 518.600

The quantitative disagreement obtained between Re3dco and ReGLS
co , respectively computed601

through direct numerical simulations and global linear stability analysis, corresponds in602

figure 19 to the different intersections points observed in both cases at Cb = 0. Accord-603

ingly, in the case with base bleed both approaches lead to different values of C∗
b2(Re), such604
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Figure 19. Evolution of the critical base bleed coefficients with the Reynolds number for an
ellipsoidal rounded nose body of aspect ratio L/D = 2. The results of the local and global linear
stability analyses correspond to the most unstable azimuthal mode, |m| = 1. Solid and dashed lines
represent the critical bleed coefficients needed to stabilize the stationary, C∗

b1, and oscillatory, C∗

b2,
global modes, respectively, computed from the linear global analysis, while the line with crosses
displays the value of C∗

b2 resulting from the local analysis. Circles, #, indicate the evolution of C∗

b1

with the Reynolds number obtained from the numerical simulations following the methodology
discussed in Appendix B, and ▽ and △ display the upper and lower bounds on C∗

b2 determined by
the simulations. The experimental values of C∗

b2 are depicted by ∗.

that the lower limit of the critical bleed coefficient predicted by the direct numerical sim-605

ulation (trianglesup) are larger than those given by the global analysis (dashed line) for606

values of the Reynolds number Re . 800, indicating that, at these Reynolds numbers, the607

planar-symmetric wake is more unstable than the axisymmetric wake used as base flow in608

the linear stability analysis. Nevertheless, notice that the difference between the values of609

C∗
b2(Re) obtained from the numerical simulations and the linear analysis decreases as Re610

increases, with a fairly good agreement at Re = 800. Figure 19 also indicates that, similarly611

to the case of the critical bleed coefficient C∗

b1, the values of C∗

b2 obtained from the local612

and global analyses tend to a common asymptotic value such that C∗
b2 → 0.115, approx-613

imately, for Re → ∞ and in the particular case of a body with L/D = 2. Unfortunately,614

due to computational limitations, we were not able to perform accurate unsteady numerical615

simulations for Re > 800 with the aim at obtaining the corresponding values of C∗
b2.616

617

The experimental results for C∗

b2, plotted with asterisks in figure 19, are in good agree-618

ment with the corresponding values given by the numerical simulations (triangles). These619

experimental results were obtained taking into account the fact that the maximum ampli-620

tude of the streamwise velocity fluctuations takes place at a downstream position which621

depends on the value of Re. As an example, figure 20 shows the power spectral densities622

of the streamwise velocity as a function of St for Cb = 0 and Re = (446, 500, 590, 802),623

measured at r = 0 and three different downstream positions z = (2, 3, 7) (dash-dotted, solid624

and dashed lines, respectively). As shown by figure 20(a), for a value of Re = 446, close to625

criticality, the intensity of the oscillating mode is very small at z = 2 (dash-dotted line),626

but increases downstream to reach values which are similar at z = 3 and z = 7 (solid and627

dashed lines, respectively). However, at a slightly larger value of Re = 500, figure 20(b)628

indicates that the amplitude is maximum at z = 3 and that at z = 7 the energy around629
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Figure 20. Power spectral density of the streamwise velocity component as a function of St,
measured experimentally for Cb = 0 at: (a) Re = 446, (b) Re = 500, (c) Re = 590 and (d)
Re = 802, illustrating the downstream dependence of the oscillatory mode amplitude.

the peak has decayed considerably. As the Reynolds number increases, the most intense630

oscillations take place at decreasing values of z; thus, figures 20(c) and 20(d) show that the631

largest oscillation amplitudes are obtained at z = 2 both for Re = 590 and Re = 802. It is632

worth mentioning that these experimental observations were consistent with the numerical633

simulations, although the corresponding results are not shown for conciseness. Moreover,634

the results of figure 20 clearly show how the dominant Strouhal number increases with Re.635

636

The procedure followed to obtain the experimental values of C∗
b2 shown in figure 19637

can be summarised as follows: for a fixed value of Re, the hot-wire probe was located at638

the downstream position of maximum oscillation amplitude in the absence of base bleed,639

discussed in the previous paragraph, and the streamwise velocity signal was then recorded640

for several values of Cb. As an example, figure 21(a) shows the power spectral densities641

obtained at Re = 500 and Cb = (0, 0.018, 0.023, 0.026). In this case the measurements were642

performed at z = 3 following the maximum-energy criterion introduced above. The spectra643

represented in figure 21(a) reveal the strong stabilising effect of base bleed: a relatively644

small value of Cb = 0.018 provides with a nearly 4-fold decrease in the amplitude of the645

spectral peak with respect to the case without base bleed, Cb = 0, without introducing646

significant changes in its width. This stabilising effect persists for increasing values of Cb,647

as illustrated in figure 21(a) for the particular cases of Cb = 0.023 and 0.026. To quantify648

the stabilization process associated to increasing Cb at a fixed value of Re, as well as to649

obtain the corresponding critical values of C∗

b2(Re), we decided to follow a procedure similar650

to that used by Schumm et al. (1994); the saturated oscillation amplitude, normalised with651

the value without base bleed, w′2
fc
/w′2

fc(Cb=0), is plotted in figure 21(b) as a function of652

Cb for several values of Re indicated in the legend. The results of figure 21(b), which are653

qualitatively similar to those shown in figure 18(a) of Schumm et al. (1994) for the wake654

of a two-dimensional blunt-based body, demonstrate the stabilising effect of base bleed in655

a wide range of values of Re. Moreover, it can be observed in figure 21(b) that the values656

of Cb needed to achieve a given value of the normalised oscillation energy increase with657

Re. Unfortunately, the function w′2
fc
/w′2

fc(Cb=0)(Cb) obtained from these experiments was658

not linear near criticality, as expected in the case of a Hopf bifurcation in terms of Cb, but659
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Figure 21. (a) Evolution of the power spectral density of the streamwise velocity component with
the bleed coefficient obtained experimentaly at z = 3 and Re = 500. (b) Energy of the streamwise
velocity fluctuations w′2

fc
/w′2

fc(Cb=0) versus the bleed coefficient for different Reynolds numbers
obtained experimentally at the most energetic position.

showed exponential-like behaviour. Therefore, it seems that the result by Hannemann &660

Oertel Jr. (1989, figures 20 and 23) does not apply at all Re (see below). This fact, which can661

also be inferred from the results shown in figure 18(a) of Schumm et al. (1994), precluded662

us from performing a linear regression in the neighbourhood of the bifurcation point to663

determine the function C∗
b2(Re). Instead, the critical values C∗

b2 plotted in figure 19 were664

obtained by applying an exponential fit to the tail of the w′2
fc
/w′2

fc(Cb=0) (Cb) experimental665

curve, as shown as dashed lines in figure 21(b). The value of C∗

b2 was then obtained by666

the condition w′2
fc
/w′2

fc(Cb=0)(C
∗
b2) = ǫ ≪ 1. Although the value of the marginal amplitude667

ǫ = 0.03 (3 %) was chosen arbitrarily, it can be seen in figure 21(b) that the value of C∗
b2668

is not very sensitive to its specific value, as illustrated by the solid horizontal lines plotted669

in figure 21(b) for the particular cases ǫ = 0.02 (2 %) and ǫ = 0.03 (3 %).670

671

It is noteworthy that the marginal curve C∗

b2(Re) has a structure similar to that found672

by Schumm et al. (1994) in the case of a two-dimensional blunt-based geometry [see their673

figure 18(b)], which allows us to question the assumption of a dual Hopf bifucartion in terms674

of both Cb (with Re = constant) and Re (with Cb = constant). A possible explanation can675

be given as follows. If, at constant Re, there was a Hopf bifurcation in terms of Cb, one676

could state that w′2
fc

∝ (C∗

b2(Re)−Cb). Thus, it should be observed a linear dependence of677

w′2
fc

with Re only in a region where the neutral curve behaved as C∗
b2(Re) ∝ Re. However,678

figure 19 illustrates that C∗

b2(Re) is not a linear function of Re, indicating that the second,679

oscillatory bifurcation might not correspond to a supercritical Hopf bifurcation in terms of680

Cb when the Reynolds number is kept constant.681

4. Conclusions682

Experiments, numerical simulations and linear stability analysis have been used to per-683

form a detailed study of the laminar wake behind a slender axisymmetric body with a 2:1684

ellipsoidal nose and a blunt trailing edge at zero angle of attack. Our work focuses on the685

instabilities taking place in the flow for increasing values of the Reynolds number up to686

Re = 2000, contemplating also the effect of the body length-to-diameter ratio in the range687

1 ≤ L/D ≤ 10. The injection of ambient fluid through the body base, commonly referred688

to as base bleed, was also studied as a simple method to inhibit the instabilities of the wake.689

690

For increasing Reynolds numbers both the three-dimensional numerical simulations and691

the global stability analysis predict the existence of a first steady axisymmetry-breaking692

bifurcation, as is known to happen in the case of other axisymmetric bodies like spheres or693

disks. We show that this steady bifurcation takes place at a critical value of the Reynolds694

number, Recs(L/D), which slightly increases with the aspect ratio of the body. The values695
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computed from the numerical simulations and the stability analysis, Re3dcs and ReGLS
cs , re-696

spectively, are in very good quantitative agreement for the two particular cases considered697

in the numerical simulations, namely L/D = 1 and 2. In the particular case of a body with698

L/D = 2, the corresponding values are given by Re3dcs ≃ 319 and ReGLS
cs ≃ 327. Similarly699

to the cases of the sphere and the disk, the structure of the steady wake prevailing for700

Re > Recs(L/D) is planar-symmetric and features a double-threaded structure consist-701

ing of a pair of counter-rotating streamwise vortices oriented at an angle with respect to702

the symmetry axis of the body. A second oscillatory bifurcation has been shown to exist703

at a higher value of the Reynolds number, Reco, whose values are given by Reexpco , Re3dco704

and ReGLS
co according to experiments, numerical simulations, and global stability analy-705

sis, respectively, all of which increase with L/D. The numerical simulations revealed that,706

as happens in the case of a sphere, the symmetry plane which appears in the wake at707

Re = Recs, is preserved for Re > Reco, and is thus a symmetry preserving mode according708

to Fabre et al. (2008). Experiments and numerical simulations are in good quantitative709

agreement in all the cases considered, Reexpco ≃ Re3dco , providing further validation for the710

numerical code. In the case with L/D = 2, the critical Reynolds numbers were found to be711

Reexpco ≃ 412.4 and Re3dco ≃ 413, while, for L/D = 1, Reexpco ≃ 267.6 and Re3dco ≃ 254. How-712

ever, the global linear stability analysis predicts an oscillatory bifurcation for a Reynolds713

number which is significantly higher than the predicted by the experiments and the nu-714

merical simulations, giving for instance ReGLS
co ≃ 518 for L/D = 2. The errors in the715

predictions made by the global stability analysis for the critical Reynolds number asso-716

ciated to the oscillatory bifurcation are due to the use of an axisymmetric basic flow for717

Reynolds numbers higher than the one corresponding to the first bifurcation. This error718

is substantially larger for the bullet-like geometry considered in the present work than in719

the cases of a sphere and a thin disk studied by Pier (2008) and Fabre et al. (2008). In720

the particular case of the wake of a thin disk, a natural explanation for the relatively small721

error in the value of Reco predicted by the global linear stability analysis applied to the722

axisymmetric base flow is the fact that the relative gap in the critical Reynolds numbers,723

∆GLS = (ReGLS
co − ReGLS

cs )/ReGLS
cs ≪ 1 (Fabre et al. 2008). However, since the values of724

∆GLS are similar in the cases of the sphere (Pier 2008) and the hemiellipse considered in725

this work, this argument alone cannot explain the smaller relative error obtained for the726

sphere. Therefore, we are led to the conclusion that, as suggested by an anonymous ref-727

eree, the saturated amplitude of the steady state mode evaluated at the critical Reynolds728

number corresponding to the onset of the oscillating mode, Reco, must be smaller for the729

sphere than for the bullet-like geometry. However, this hypothesis clearly deserves further730

study and is left for a future work. The difference (ReGLS
co − Reexpco ) has been found to731

increase with the aspect ratio of the body, L/D. These results imply, in particular, that732

care must be taken when studying the oscillatory regimes of afterbody wakes, specially733

for large aspect ratio geometries. Even though the relative quantitative errors involved in734

using axisymmetric base states in global stability analyses have been shown to be high in735

these cases, this approach has been routinely used in recent works (see for instance Meliga736

et al. 2010a,b). In addition, the results reported in the present work may also serve as737

benchmark for more involved three-dimensional linear stability analyses (see for example738

Pier 2008; Bagheri et al. 2009).739

740

The three-dimensional numerical simulations performed in this work have revealed the741

existence of remarkable differences between the wakes of slender blunt-based bodies and742

other previously studied geometries like the sphere, hemisphere or disk. First, it is notewor-743

thy that the symmetry plane which appears in the wake after the first steady bifurcation744

is preserved for Reynolds numbers up to Re = 500, even in the presence of strong non-745

linear interactions of the shed vortical structures, and subsequent harmonic generation.746

In contrast, although wakes of other objects like spheres and disks present also a RSP747
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regime, the corresponding range of Reynolds numbers is much narrower. In addition, for748

Re & 500 we have found the existence of a new regime in which the wake interacts with749

the boundary layer on the solid body, inducing a periodic oscillation with a frequency of750

about 1/4 of the leading one. Bouchet et al. (2006) also reported the existence of a Hopf751

bifurcation accompanied by the onset of a second oscillation frequency on the wake of a752

sphere at Re ∼ 325 and a similar regime, denoted “Honky-Tonky”mode, has recently been753

reported in the wake of a thick disk by Auguste et al. (2010) for Re & 217, where the754

lowest frequency is given by approximately 1/3 of the leading one. However, in the case of755

a thick disk, this flow regime, characterized by the presence of a secondary low frequency756

while preserving the reflectional symmetry, manifests after a sequence of flow bifurcations757

not found in the configuration under study in this work.758

759

Base bleed has been found to stabilize the wake in the range of Reynolds numbers consid-760

ered in this work. More specifically, the parameter plane (Re,Cb), spanned by the Reynolds761

number and the bleed coefficient, defined here as the bleed to ambient velocity ratio, can762

be divided into three different regions, as shown in figure 19 for the particular case of a763

body with L/D = 2. In region I, where Cb > C∗
b1(Re), the wake is steady and axisymmet-764

ric, and thus completely restabilized due to the effect of base bleed. In region II, defined765

by C∗
b2(Re) < Cb < C∗

b1(Re), the wake is steady and planar-symmetric, with a structure766

similar to that found for Recs < Re < Reco in the case without base bleed, Cb = 0. Finally,767

in region III, in which Cb < C∗

b2(Re), periodic shedding of vortices takes place due to the768

excitation of the oscillatory mode. The global stability analysis predicts that the critical769

bleed coefficients tend to asymptotic values C∗

b1 → 0.125 and C∗

b2 → 0.115 for Re & 2000,770

the latter being also in good agreement with results obtained with a local stability analysis771

of the axisymmetric base flow. The experiments performed in the case with base bleed show772

good agreement with the results obtained from the numerical simulations, giving similar773

values of C∗
b2(Re) in the range of Reynolds numbers considered, Re . 800. It should be774

noted that the critical curve C∗

b1(Re), which can be precisely predicted by means of a global775

stability analysis with an axisymmetric base flow, is enough to ensure a completely resta-776

bilised wake for Cb > C∗
b1(Re) in the range of Reynolds numbers reported here. Moreover,777

its computational cost is much smaller than the fully three-dimensional numerical simula-778

tions that would be alternatively needed.779

780

Let us finally emphasize that the shear layer separating from the body will induce the781

transition to turbulence in the wake for sufficiently large values of the Reynolds number, a782

regime which should be addressed in detail in a future work.783
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Projects # DPI2008-06624-C02 and P07-TEP02693 respectively, and Universidad de Jaén785

under project UJA-08-16-19. PB is indebted to Professors Norberto Fueyo and Hrvoje786

Jasak for fruitful discussions during the computational simulations. ESR also wants to787

acknowledge the support of the Ramón y Cajal and José Castillejo programs.788

Appendix A. Numercial methods789

A.1. Numerical schemes implemented by OpenFOAM R©.790

OpenFOAM R© discretizes equations (2.1) and (2.2) using the Finite Volume Method (see791

Ferziger & Perić 2002). The starting point of the finite volume method is the mass and792

momentum conservation equations in their integral form, which are readily obtained af-793

ter integrating equations (2.1) and (2.2) in a control volume (see figure 22 where the cell794

volume is denoted by VP ). All these equations are said to be in strong conservation form795

because all the terms are expressed in the form of the divergence of a vector or tensor.796
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Figure 22. Example of generic computational cell.

The use of the strong conservation form of the equations together with the finite volume797

method, automatically ensures global conservation. In fact, to preserve this property in the798

numerical solution, a fixed direction coordinate system (i.e. Cartesian components) was799

adopted in this work, although, for notational clarity and for the sake of coherence with800

§A.2 and §A.3, the results are presented in cylindrical coordinates.801

802

Furthermore, unknown dependent variables to be computed were stored at the cell cen-803

troid xP , using thus the so-called collocated arrangement,
∫

VP
(x− xP ) dV = 0. The main804

advantage of this approach is the reliability of handling complicated solution domains, as805

the one considered here. However, to overcome the main disadvantage of the collocated806

arrangement, that is the occurrence of oscillations in the pressure field, an oscillation-free807

pressure-velocity coupling method in line with Rhie & Chow (1983) is adopted.808

809

Figure 22 shows an example of the convex polyhedral cells supported by the solver, whose810

boundaries are composed by a set of convex polygons, although in the present work we use811

hexahedral cells. Each cell has a neighboring cell across each of its faces, of centroid de-812

noted by N , and positional vector relative to xP for the face f defined as df = xN − xP .813

Similarly, using the centroid rule, the face center, xf , is given by
∫

Sf
(x − xf ) dS = 0.814

Next, the face area vector sf is a surface normal vector whose magnitude is equal to the815

area of the face. The surface is numerically never flat, so the face area is calculated from816

the integrals sf =
∫

Sf
n dS. In order to avoid non-orthogonal corrections during each time817

step of the numerical simulation, which are handled explicitly by OpenFOAM and increase818

proportionaly the computational cost (Jasak 1996), we employed hexahedral cells with a819

mesh non-orthogonality average of, approximately, 4o. Thus, the positional vector df is820

nearly parallel to the face area vector sf , and non-orthogonal corrections do not improve821

the quality of the results.822

823

The numerical discretization of differential operators was implemented up to second-824

order accuracy in space and time. Second-order accuracy in space arises by postulating a825

linear spatial variation of unknown quantities. We prevented spurious numerical oscillations826

intrinsic to second-order methods by limiting the face flux Ff ≃ uf · sf arising from the827

convective term in the momentum equation (2.2) with a van Leer Total Variation Dimin-828

ishing scheme (see Jasak et al. 1999). Besides, in the case of steady numerical simulations829

used in §A.2 and §A.3 as basic flow, for which the temporal variation in equation (2.2) van-830

ishes, the set of discretized equations (2.1)-(2.2) constitutes a saddle point problem that831
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was solved with the Semi-Implicit Method for Pressure-Linked Equations (SIMPLE) with832

under-relaxation (see Patankar & Spalding 1972; Benzi et al. 2005). On the other hand, for833

unsteady numerical simulations, the second-order, two time-level Crank-Nicholson scheme834

is blended with an Euler scheme in order to solve the discretized momentum equation im-835

plicitly (separately and with non-linear terms lagged). Since we are interested in temporal836

accuracy, i.e. small time steps, the Pressure-Implicit with Splitting of Operators (PISO) was837

adopted in this work (see Issa 1986; Ferziger & Perić 2002), and the lagged new time-level838

values were updated, solving all the equation once per time step. This leads to a Courant-839

Friedrichs-Lewy (CFL) stability condition and, therefore, the time step was calculated and840

adjusted during the numerical simulation. The Courant number at the nth-time step, de-841

noted by tn, is defined as CFL = (|un
f · sf |)/(df · sf )∆tn ≤ 0.5. As an example, considering842

the current mesh and setting a time step of ∆t = 10−2 for a Reynolds number of 415,843

we obtained a mean Courant number of approximately 0.1 and a maximum value of 0.5,844

although for Reynolds numbers greater than 500 we limited the maximum Courant number845

to 0.2 in our simulations. Notice that the time steps used are similar to those employed846

in related works where they varied from 2.5 × 10−3 for a Reynolds number of Re = 1000847

(Tomboulides & Orszag 2000) to 5× 10−2 for Re = 300 (Johnson & Patel 1999). In doing848

so, the pressure-velocity coupling is much stronger than the non-linear coupling that arises849

from the non-linear convection term. The latter result was corroborated by increasing the850

number of outer loops in the PISO solver from 1 to 3 at several Reynolds numbers, showing851

nearly identical results.852

A.2. Global stability analysis853

In addition to three-dimensional numerical simulations of the wake, we also carried out854

linear global and local stability analyses to describe the stability properties of the flow.855

The basic axisymmetric steady flow, used for both local and global stability analyses, was856

calculated using the finite volume numerical code described in §2.1 and in §A.1.857

858

Starting with the incompressible unsteady equations (2.1) and (2.2), to perform the global859

stability analysis, the flow was decomposed into a basic steady-state field, and a perturbed860

field as861

(u, p) = (U+ u′, P + p′), (A 1)

where U = [U(r, z) er, 0 eθ,W (r, z) ez] and P (r, z) are the velocity and the pressure fields862

of the basic axisymmetric-steady flow, and u′ = (u′, v′, w′) and p′ represent the small am-863

plitude, unsteady velocity and pressure perturbation fields, respectively. After substituting864

equation (A 1) into the incompressible Navier-Stokes equations and withholding only the865

first order terms, yields866

∇ · u′ = 0, (A 2)

U · ∇u′ + u′ · ∇U+∇p′ −
1

Re
∇2u′ = −

∂u′

∂t
. (A 3)

Equations (A 2) and (A3) can formally be expressed as,867

Aq = ∂/∂tB q, (A 4)

where q = [u′, p′]T represents the total disturbance field, with A and B being linear matrix868

operators. Assuming both, time and azimuthal exponential dependencies, solutions for q869

of the form870

q = [û(r, z), p̂(r, z)]T eσt+imθ = q̂(r, z) eσt+imθ, (A 5)

can be sought, where the variables with a hat, û, p̂ and q̂, represent the eigenfunctions,871

m is the azimuthal mode, and σ = σr + iσi with σr the growth rate of the global mode872
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Figure 23. (a) Domain decomposition into 222 subdomains, where the thin solid lines correspond
to the subdomain boundaries. (b) Grid detail close to the body for 12 × 12 nodes distributed
according to the Gauss-Lobatto-Chebyshev points in each subdomain fo a body of L/D = 2.

and σi its angular frequency. Substituting the Eq. (A 5) into Eq. (A 4) with the boundary873

conditions:874

0 < r < 0.5, z = 0 : û = v̂ = ŵ = 0, (A 6)

r = 0.5,−L/D+ 1 ≤ z ≤ 0 : û = v̂ = ŵ = 0, (A 7)

0.5 < r ≤ 10, z = −L/D+ 1 : û = v̂ = ŵ = 0, (A 8)

r = 10,−L/D+ 1 < z < 50 : û = v̂ = ∂ŵ/∂r = 0, (A 9)

0 < r ≤ 10, z = 50 : p̂ = n · ∇û = 0, (A 10)

r = 0, 0 ≤ z ≤ 50 :







|m| = 1, û± iv̂ = 2 ∂û/∂r ± i ∂v̂/∂r = ŵ = 0,
|m| = 0, û = v̂ = ∂ŵ/∂r = 0,
|m| > 1, û = v̂ = ŵ = 0,

(A 11)

yields a generalized eigenvalue problem, that after discretizing can be writen as,875

Amq̂ = σBmq̂, (A 12)

where Am and Bm are matrices of order 4ng × 4ng, being ng the number of grid points.876

Notice that z = 0 corresponds to the body base, and z = −L/D+1 in equations (A 7)-(A 9)877

indicates the position upstream from the base where the nose of the body ends (see figure878

23). As discretization technique we used the Chebyshev collocation-decomposition method879

that, basically, consists of dividing the computational domain into a block-structured grid880

with fictitious overlapping interfaces. More details about the numerical scheme can be881

found in Sanmiguel-Rojas et al. (2009) where it has been recently shown that a mesh882

of 222 subdomains, see figure 23, and 12 × 12 nodes distributed according to the Gauss-883

Lobatto-Chebyshev points in each subdomain, that represents a total number of spectral884

nodes of ng = 27259, is enough to obtain a good convergence of the eigenvalues for a length885

of 50 behind the base of the body.886

A.3. Local linear stability analysis887

The local stability analysis of the wake presented in this section follows the same lines as888

that performed in Sevilla & Mart́ınez-Bazán (2004). It is based on the assumption that the889
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stability of the actual non-parallel basic flow is governed, at leading order, by the stability890

problem associated to the fictious parallel flow obtained by extending the local basic-flow891

axial velocity profile to plus and minus streamwise infinity. However, in contrast with the892

inviscid analysis performed in Sevilla & Mart́ınez-Bazán (2004), here viscous terms have893

been retained in the stability equations due to the smaller values of the Reynolds number894

analyzed in this work. The local eigenvalue problem is obtained by linearizing the incom-895

pressible Navier-Stokes equations around the basic parallel flow W (r)ez , and searching for896

modal solutions of the form [iû(r), v̂(r), ŵ(r), p̂(r)] exp [σlt+ i(kz +mθ)] for the linearized897

velocity and pressure fields, where k = kr + i ki stands for the axial wavenumber, m the az-898

imuthal number and σl = σlr+i σli the local angular frequency, respectively, and (û, v̂, ŵ, p̂)899

are the radial eigenfunctions representing the complex amplitudes of the corresponding lin-900

earized fields. The linear system for the normal modes is,901

d(rû)

dr
+mv̂ + krŵ = 0, (A 13)

(iσl − kW ) û+
dp̂

dr
−

i

Re

[

d2û

dr2
+

1

r

dû

dr
−

(

k2 +
m2 + 1

r2

)

û−
2m

r2
v̂

]

= 0, (A 14)

(iσl − kW ) v̂ −
m

r
p̂−

i

Re

[

d2v̂

dr2
+

1

r

dv̂

dr
−

(

k2 +
m2 + 1

r2

)

v̂ −
2m

r2
û

]

= 0, (A 15)

(iσl − kW ) ŵ −
∂W

∂r
û− kp̂−

i

Re

[

d2ŵ

dr2
+

1

r

dŵ

dr
−

(

k2 +
m2

r2

)

ŵ

]

= 0. (A 16)

Equations (A 13)-(A16) are supplemented with the boundary conditions,902

r → ∞ : û = v̂ = ŵ = p̂ = 0, (A 17)

r = 0 :







|m| = 0, û = v̂ = ∂ŵ/∂r = 0,
|m| = 1, û± v̂ = 2 ∂û/∂r ± ∂v̂/∂r = ŵ = 0,
|m| > 1, û = v̂ = ŵ = 0.

(A 18)

A Chebyshev collocation technique was used to solve the eigenvalue problem (A13)-903

(A 18), together with the coordinate transformation used by Lesshafft & Huerre (2007),904

r = rc (1 − ξ)/(1 − ξ2 + 2rc/rmax), where rc is a scale factor, which maps the canonical905

interval ξ ∈ (−1, 1) onto the radial interval r ∈ (0, rmax). Thus, derivatives were computed906

in physical space by means of the chain rule: d/dr = dξ/dr d/dξ, where d/dξ represents the907

standard Chebyshev differentiation matrix. Notice that, although the far field boundary908

conditions (A 17) were imposed at a finite value of the radial coordinate, rmax, it was909

carefully checked that rmax was large enough so that the resulting eigenvalues corresponded910

to their asymptotic limits as rmax → ∞. Typically, we used nl = 200 collocation points,911

and a value of rmax = 200. In this work, as in Sevilla & Mart́ınez-Bazán (2004), we were912

mainly interested in studying the convective or absolute character of the local instability as913

a function of the streamwise position z. To that end, we employed the iterative technique914

introduced by Monkewitz & Sohn (1988) for finding saddle points of the dispersion relation,915

i.e., eigenvalues (σ
(0)
l , k(0)) satisfying equations (A 13)-(A18) together with the zero group916

velocity condition dσl/dk = 0. Although the details are in Monkewitz & Sohn (1988), let917

us point out here that the iterative procedure reconstructs the local form of the dispersion918

relation around a saddle point, k± − k(0) = ±a (σl − σ
(0)
l )1/2 + b (σl − σ

(0)
l ), through919

the computation of the four complex constants (k(0), σ
(0)
l , a, b). In this equation, the plus920

and minus signs correspond to the pair of spatial branches which interact at the saddle921

point (σ
(0)
l , k(0)). The four equations needed to determine the constants are obtained by922

computing k± for two different values of σl close to the branch point σ
(0)
l . Thus, at each923

iteration level the spatial eigenvalue problem k = k(σl) is solved four times. This was924

accomplished here thanks to the use of the companion matrix method, which allowed us to925
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Figure 24. (a) Isolines of the vorticity magnitude at z = 2 for a body of L/D= 1 at Re = 220
showing the centroid eccentricity, and (b) squared centroid eccentricity versus the Reynolds number
at z = 2 (circles), together with a linear fit (solid line), illustrating the method used to determine
Re3dcs . The dashed line in panel (a) represents the body base.

find k by means of the 7nl×7nl matrix eigenvalue problem Alql = k Bl ql, where the vector926

ql = (û, v̂, ŵ, p̂, kû, kv̂, kŵ)T , and the matricesAl and Bl were obtained through the spectral927

collocation method described above. The local instability at a given station z is convective928

if the absolute growth rate, given by the real part of σ
(0)
l , is negative, σ

(0)
lr < 0, while it929

is absolute if σ
(0)
lr > 0, and the flow is expected to be globally stable if it is convectively930

unstable everywhere, σ
(0)
lr (z) < 0 ∀ z.931

Appendix B. Methods used to determine Re3dcs , Re3dco and C∗

b1
.932

This appendix provides with additional information about the different methods used933

to determine the critical Reynolds numbers for the steady and the oscillatory bifurcations934

from the direct numerical simulations, denoted Re3dcs and Re3dco respectively.935

936

In order to calculate the critical Reynolds number corresponding to the first steady bi-937

furcation from the direct numerical simulations, Re3dcs , we followed Mullin et al. (2009) and938

made use of the linear dependence of the squared eccentricity of the vorticity contours,939

denoted by r2cent, with Re−Re3dcs . Thus, we plotted the evolution of r2cent with the Reynolds940

number obtained at a fixed position to determine Re3dcs by linear regresion. An example941

of the procedure is shown in figure 24, where figure 24(a) clearly shows that the vorticity942

magnitude exhibits an eccentricity for a flow with Re = 220 past a body with length-to-943

diameter ratio L/D = 1 in this particular case. Furthermore, figure 24(b) confirms that944

the squared eccentricity varies linearly with Re − Re3dcs and provides a critical value of945

Re3dcs ≃ 215. Similarly, for a body of the length-to-diameter ratio L/D = 2 we obtained946

Re3dcs ≃ 319.947

948

To determine the critical value Re3dco for the onset of vortex shedding from the numerical949

simulations reported in §2.1 we used two different techniques. As stated in the previous950

section, at Re = 415 we observed the periodic shedding of vortices for a body with length-951

to-diameter ratio L/D = 2. Thus, we used this perturbed flow as initial condition for a952

numerical simulation with a Reynolds number decreased down to Re = 410, which is stable953

because the streamwise perturbation velocity is attenuated until it ultimately vanishes (see954

figure 25a). Finally, the ensuing decay rate is determined by fitting the disturbance am-955

plitude to an exponential function of time (see figure 25b), which provides a decay rate of956
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Figure 25. Determination of the growth/decay rate (close to criticality) from the direct numerical
simulation of the temporal evolution of small disturbances in the streamwise velocity for a body of
L/D = 2. Panels (a) and (c) show the transient behaviour of the streamwise velocity fluctuations,
w(t)− 〈w(t)〉, at z = 7 at Reynolds numbers Re = 410 and Re = 414 respectively, and panels (b)
and (d) display the corresponding exponential fit of the disturbance amplitude as a function of
time t.

−0.004835. Similarly, we ran a new simulation at Re = 414 using the solution for Re = 410957

at t = 1300 as initial condition, which still contains an infinitesimal disturbance, and ob-958

served the growth of the oscillatory mode, as shown in figure 25c. In this case the ensuing959

amplification factor is 0.002541 (see figure 25d). Subsequently, we determined that the in-960

stability threshold was Re3dco = 412.62 by linear interpolation of the amplification factors961

(Ghidersa & Dušek 2000) given at Re = 410 and 414. Following the same procedure we ob-962

tained Re3dco = 254.37 for a body of the length-to-diameter ratio L/D = 1, which is slightly963

lower than the critical value corresponding to the sphere (Reexpco ≈ 270 given by Goldburg964

& Florsheim 1966) and greater than the values obtained for other blunt-based bodies of965

revolution like a hemisphere(Re3dco ≈ 210 − 220 given by Kim & Choi 2003) and cones966

where Reexpco varies from 155 to 170 depending on the cone angle (Goldburg & Florsheim967

1966; Yaginuma & Itō 2008). Notice that the relative difference between the critical values968

of the Reynolds number associated to the steady state, Re3dcs , and reflectional symmetry969

preserving, Re3dco , modes, ∆3d = (R3d
co −Re3dcs )/Re3dcs , does not decrease substancially for the970

shortest body, since the physical values of ∆3d varies from 0.29 for L/D = 2 to 0.18 for971

L/D = 1.972

973

With an eye to determining the uncertainty associated to the different methods used to974

calculate the value of Re3dco in the numerical simulations and in the experiments, we have975

also followed the Stuart-Landau procedure in the case of a body with length-to-diameter976

ratio of L/D = 2. Figure 13(b) readily shows that the squared amplitude of the tangen-977

tial velocity decrases linearly as the Reynolds number decreases, providing with a critical978

Reynolds number of Re3dco ≃ 413.17, which is nearly identical to the value of Re3dco = 412.62979
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Figure 26. Determination of the critical base bleed coefficient C∗

b1 by interpolation of the centroid
eccentricity rcent as function of Cb for Re = 450 and a body of L/D = 2 at different downstream
positions.

given by the procedure described above. Thus we adopted Re3dco ≃ 413 as the critical value.980

981

Finally, to obtain the critical value of the base bleed coefficient C∗

b1, which re-stabilizes the982

steady bifurcation, we followed an approach similar to that employed to determine Re3dcs .983

In this case, we took advantage of the fact that the centroid eccentricity rcent depends984

linearly on (C∗

b1 − Cb)
2/3, as depicted in figure 26, where r

3/2
cent is plotted as a function of985

Cb for several values of the downstream position z in the particular case with L/D = 2986

and Re = 450. In this particular case, a linear fit provides the value C∗

b1 = 0.0613. The987

application of a similar procedure for other values of Re provided with the values of C∗
b1988

shown as circles in figure 19.989
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