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Área de Mecánica de Fluidos, Departamento de Ingenierı́a Mecánica y Minera, Universidad de Jaén, Campus de las

Lagunillas, 23071 Jaén, Spain

DOI 10.1002/aic.13863
Published online June 25, 2012 in Wiley Online Library (wileyonlinelibrary.com).

A finite volume method is proposed to study the dynamics of unsteady, falling liquid films carrying monodisperse spheres in
Newtonian regime under the action of gravity. The Navier–Stokes equations were rewritten to implement a numerical
scheme with interface capturing capability, able to compute discontinuities in the solid volumetric concentration and free
surface flows. The interface capturing property is checked with simple benchmarks, showing that experimental data for a
vertical settler and the dynamics of the wetting front in a thin liquid film are reproduced with success. Also, the numerical
scheme computes with accuracy Kapitza instability or viscous roll waves. This work concludes illustrating the applicability
of the model to study viscous resuspension phenomenon in a unsteady, falling suspension film.VVC 2012 American Institute of

Chemical Engineers AIChE J, 58: 2601–2616, 2012
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Introduction

This study is aimed at modeling unsteady, falling liquid
films carrying monodisperse spheres in Newtonian regime1

under the action of gravity. A simple sketch of the problem
on a constant slope bed is shown in Figure 1, where the ex-
istence of three phases is observed: liquid (l), solid (p), and
gas (g). This work focuses on flows in which the solid and
liquid phases define a suspension, provided that the solid
phase remains within the liquid. Such situation is observed
in many chemical processes of industrial interest in which
the presence of monodisperse spheres introduces an addi-
tional difficulty with respect to the case of a thin-film flow
of pure clear liquid due to variations of the solid volumetric
concentration, see Usha et al.2 and Kalliadasis et al.3 for a
comprehensive review.

Even in thin film flows, local inhomogeneities on the solid
phase usually induce complex flow features that can be
observed in a (larger) macroscopic scale, as described by
Timberlake and Morris.4 Consequently, it is important to
take into account possible variations in the solid volumetric
concentration both in the streamwise direction and along the
perpendicular to the inclined plane in Figure 1. From the hi-
erarchy of models described by Kalliadasis et al.,3 see sec-
tion 4.9.2 in their book,3 the Navier–Stokes approach has
been adopted here allowing to better understand the details
of the flow dynamics. A similar approach was described by
Min and Kim5 for planar jet and slot coating flows in
steady-state. Alternatively, reduced order models such as
boundary-layer, averaged models, and single surface equa-

tions could be formulated, as well as more complex meso-
scopic and microscopic models, see Fox.6

This work is hence motivated by a wish to propose a finite
volume method able to compute unsteady falling liquid films
carrying monodisperse spheres in Newtonian regime. The
main new features are that the original set of partial differen-
tial equations governing the flow dynamics is rewritten in a
way that it is easier to ensure good shock capturing properties
of the numerical scheme extending Min and Kim’s work.5

Recall that unsteady free surface flow requires sophisticated
numerical schemes to avoid difficulties associated with con-
servative differencing, spurious oscillations, and thickening of
the interface, see for example Gopala and Van Wachem.7 Fur-
thermore, as it happens for gas-particle flow, numerical diffi-
culties may develop when the solid phase concentration value
is close to the maximum packing factor, see Passalacqua and
Fox8 and references therein. The formulation presented in this
article complements previous models solving for the continu-
ity and momentum balance equation of each phase, see van
Wachem et al.,9,10 because such equations are reformulated to
yield a mixture model11 for suspensions (i.e., solid–liquid mix-
ture) flowing in an immiscible ambient fluid (i.e., gas phase).
To the author’s knowledge, results for unsteady falling liquid
films carrying monodisperse spheres have not been reported
beforehand by means of CFD solving for the full Navier–
Stokes system of equations, which constitutes an outstanding
problem. Indeed, this type of flow might be very complex also
because of the development of free surface instabilities, see
Ch. 1 in Kalliadasis et al.3 Therefore, the capability of the
algorithm to compute hydrodynamic instabilities must be
checked as was done by Malamataris and Balakotaiah,12

among others, for Kapitza instability or viscous roll waves.
The full mixture model is formulated for unsteady falling

suspension films in Newtonian regime in the next section,
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where it is shown that the formulation reduces to the classi-
cal volume of fluid (VOF) method13 in the absence of solid
particles. This model does not apply during the stopping
phase of liquid-particle motion (when the maximum packing
factor is being reached)—a rheological regime which is out-
side the scope of this work. Subsequently, a finite volume
method is defined based on the Schur complement which is
used to solve for the proposed formulation. The section enti-
tled Results is devoted to present supporting numerical simu-
lations that are validated with previous known results for
vertical settlers, unsteady falling suspension films down an
inclined plane and viscous roll waves in one- and two-layer
thin film flows. A summary and some concluding comments
are drawn in the section entitled conclusions.

Formulation of the Problem

Under the axiom of continuum,14 the continuity equations
of each phase are given by

@alql
@t
þr � ðalql~vlÞ ¼ 0 (1)

@apqp
@t
þr � ðapqp~vpÞ ¼ 0 (2)

@agqg
@t
þr � ðagqg~vgÞ ¼ 0 (3)

In these equations, t is time, while qk, ak, and ~vk represent the
density, volumetric concentration, and conditionally averaged
velocity of the kth phase, respectively (k ¼ l, p, g). Because the
solid phase cannot cross from the liquid to the gas phase, the
phase volumetric concentrations ag,p will be written as
function of the volume fraction occupied by the solid–liquid
mixture within a small control volume, say c : 1 � ag, and of
the volumetric concentration of solid particles in the three-
phase mixture, denoted by b : ap. The axiom of continuity,
that is, al þ ap þ ag ¼ 1, implies that the liquid volumetric
concentration is given by al : c � b.

The continuity equation of the mixture is readily deduced
by adding Eqs. 1–3

@q
@t
þr � ðq~vÞ ¼ 0 (4)

in which q is the mixture density

q � qpbþ ql c� bð Þ þ qgð1� cÞ (5)

and ~v is mass-average velocity

~v � 1

q
qpb~vp þ ql c� bð Þ~vl þ qgð1� cÞ~vg
h i

(6)

To simplify the notation, new variables characterizing the
liquid-particle suspension were defined and denoted with the
subscript m. The density (qm), mass- (~vm), and volume-average
(~um) velocity in the liquid–solid suspension are given by the
following expressions

qm � qp
b
c
þ ql 1� b

c

� �
(7)

~vm � 1

qm

b
c
qp~vp þ 1� b

c

� �
ql~vl

� �
(8)

~um � b
c
~vp þ 1� b

c

� �
~vl (9)

In addition, an alternative formulation of the mixture

continuity equation (4) is required to formulate the pressure

equation as the Schur complement because, as shown in the

Finite Volume Discretisation and Solution Procedure, the role

of the mixture pressure is the same as for single incompres-

sible flows (i.e., to ensure continuity). Dividing the kth phase

continuity equation (1)–(3) by the kth phase density and

adding the resulting equations yields

r �~u ¼ 0 with ~u � c~um þ ð1� cÞ~vg (10)

This shows that the volumetric velocity ~u is a divergence-free
vector.

Now the relative velocity of the solid particles with
respect to the liquid is defined as

~vr �~vp �~vl (11)

and the relative velocity of the dense suspension with respect
to the gas phase is given by

~urc � ~um �~vg (12)

Taking into account (8)–(12), it is an easy exercise to write ~v
(6) in terms of ~u (10), ~vr (11) and ~urc (12) as

~v ¼ ~uþ cð1� cÞ qm � qg
q

~urc þ bs
c� b
cþ bs

qm
q
~vr

with s � qp
ql
� 1 ð13Þ

Interestingly, the effect of the relative velocity in the liquid-
particle mixture is to cause a difference between the mass- and
volume-average velocity. Thus, when slip velocities are not
negligible, mass transfer is not necessarily accompanied by a
similar volume transfer. The present formulation retains both
velocities and, subsequently, requires to assess the difficulties in
formulating a numerical scheme suitable for themodel problem.

To formulate a conservative numerical scheme to solve
for (1)–(3), it is convenient to rewrite these equations in
terms of the divergence-free velocity field ~u, instead of ~vk.
Dividing (1) and (2) by ql and qp, respectively, and adding
the ensuing equations, yields

Figure 1. Sketch of a thin film flow carrying particles
down an inclined plane.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

2602 DOI 10.1002/aic Published on behalf of the AIChE August 2012 Vol. 58, No. 8 AIChE Journal



@c
@t
þr � ðc~uÞ þ r � ½cð1� cÞ~urc� ¼ 0 (14)

The equation for b requires some additional algebra.
Eliminating ~vl from (9) and (11), and ~vg from (9) and (12),
one can recast the velocity ~vp as function of {b, c, ~u, ~urc, ~vr}

~vp ¼ ~um þ 1� b
c

� �
~vr ¼ ~uþ ð1� cÞ~urc þ 1� b

c

� �
~vr (15)

Now substituting (15) into (2), one finds

@b
@t
þr � ðb~uÞ þ r � ½bð1� bÞ~urb� ¼ 0 (16)

in which

~urb � cð1� cÞ~urc þ ðc� bÞ~vr
cð1� bÞ (17)

So the analogy between the scalar transport equation of the

indicator function c (14) and of the volumetric solid

concentration b (16) becomes evident and, therefore, one

can apply exactly the same numerical scheme to solve them.

Notice that (14) and (16) reduce to the standard multi-

dimensional advection equation for vanishing values of the

relative velocities, being r � ~u ¼ 0 (10). Equations 14 and 16

constitute a system of hyperbolic balance laws, which may

exhibit discontinuities in c and b, and difficulties associated

with conservative differencing. The main advantages of the

present formulation is that it is easier to formulate fully

conservative numerical schemes provided the incompressible

constraint (10), see for example LeVeque.15 In addition, if the

gas phase is immiscible with respect to the solid–liquid

suspension, that is, c defines a thin interface, the free surface

will remain sharp during the numerical simulation because the

divergence operators in (14) vanish far from the interface

(where c takes the constant value of 0 or 1). Furthermore, in

such scenario ~urb ¼ 0 and, subsequently, (14) equals the well-

known VOF equation, see for instance Gopala and Van

Wachem7 and Unverdi and Tryggvason.13

Analogous, the axiom of continuum14 allows to write the
momentum balance equations of each phase, given by

@alql~vl
@t

þr � ðalql~vl~vlÞ
¼ alql~g� ð1� apÞrpl � Kð~vl �~vpÞ þ r � ðals0lÞ ð18Þ

@apqp~vp
@t

þr � ðapqp~vp~vpÞ
¼ apqp~g� aprpl þ Kð~vl �~vpÞ � rpp þr � ðaps0pÞ ð19Þ

@agqg~vg
@t

þr � ðagqg~vg~vgÞ ¼ agqg~g�rpg þr � ðags0gÞ (20)

In Eqs. 18–19, the classical decomposition for the solid
pressure (pp) and that of the surrounding fluid (pl) was adopted
in Newtonian regime, see for example Passalacqua and Fox.8

Similarly, the average interfacial momentum source is
modeled as the drag function, denoted by K, which is not
determinant for the development of the numerical procedure,
as pointed out by Passalacqua and Fox.8 In addition, the model
includes the gas pressure pg and the stresses s

0
k of each phase,

given for the fluid phases by

s
0
l � ll r~vl þ ðr~vlÞT

h i
; s

0
g � lg r~vg þ ðr~vgÞT

h i
(21)

where ll and lg are the liquid and gas dynamic viscosity,
respectively. Notice that the momentum source for the gas
phase has been neglected , which is consistent with vanishing
surface tension and the presence of a thin (or sharp) interface
between the liquid-particle suspension and the atmosphere.

The mathematical model and numerical formulation pro-

posed in this work do not constraint the solid stress term s
0
p

and solid pressure pp that characterize particle interactions of

flowing suspensions in Newtonian regime and must be elected

appropriately depending on the flow regime to compute. On

the other hand, the particle pressure pp and solid stresses s
0
p

are key to ensure a stable numerical solution procedure in the

frictional or quasi-static regime which is dominant during the

stopping phase of a mixture flow16–19 but the study of such

rheological regime lies outside the scope of the current work.

For the sake of the simplicity, closure laws valid for flowing

suspensions in Newtonian regime are used thereafter, see

Chang and Powell1 and Stickel and Powell.20 Alternatively,

the implementation of rheological models based on granular

energy proposed by Passalacqua and Fox,8 van Wachem

et al.,9,10 and Gidaspow,18 among others, is straightforward.
To obtain the momentum balance equation of the mixture,

we add Eqs. 18–20. Taking into account that ag ¼ 1 � c,
ap ¼ b, al ¼ c � b, and (6), the left-hand side (LHS) of the
mixture momentum equation ~C reads

~C � @q~v
@t
þr � J (22)

where J is the resultant (total) momentum flux associated with
the averaged phase velocities

J � bqp~vp~vp þ ðc� bÞql~vl~vl þ ð1� cÞqg~vg~vg (23)

Using Eqs. 6–12, J can be recast into the form

J ¼ q~v~vþ b 1� b
c

� �
qlqp
qm

~vr~vr þ cð1� cÞqmqg
q

~vrc~vrc (24)

in which ~vrc denotes the slip velocity between the dense
suspension and the air

~vrc �~vm �~vg ¼ ~urc þ b
c
s
c� b
cþ bs

~vr (25)

Subsequently, substituting Eq. 24 into Eq. 22, the LHS of the
momentum balance equation is rewritten as

~C ¼ @q~v
@t
þr � ðq~v~vÞ � r � s00 � r � s000 (26)

with

s
00 � �b 1� b

c

� �
qlqp
qm

~vr~vr and s
000 � �cð1� cÞqmqg

q
~vrc~vrc

(27)

The tensors s
00
and s

000
represent the momentum diffusion due

to the relative motion of solid particles with respect to liquid
and of the solid–liquid mixture with respect to air, respec-
tively. Therefore, they are referred hereafter to as ‘‘diffusion
stress terms.’’ Notice that Min and Kim5 neglected both terms
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in their Eq. 5, which is a valid assumption when slip velocities
vanish, that is, under equilibrium. However, these tensors are
retained in the current formulation to study unsteady flows. So,
the mixture momentum equation can be expressed as

@q~v
@t
þr � ðq~v~vÞ ¼ q~g�rpþr � ðs0 þ s

00 þ s
000Þ (28)

where the mixture pressure is given by

p � pl þ pg þ pp (29)

and the bulk laminar stress tensor is denoted by s
0 :P

k¼{l,p,g} ak s
0
k.

For a thin interface between the liquid-particle mixture
and the gas phase, the bulk viscosity of the three-phase mix-
ture may be assumed as the arithmetic average of the lami-
nar viscosity of the dense suspension lm and of the gas
phase lg, see for example Sethian and Smereka21

l ¼ clm þ ð1� cÞlg (30)

The harmonic mean of the viscosities is alternatively used for
low-disparity viscosity ratios,22 that is, lm/lg � O(1). In Eq.
30, the dense suspension viscosity can be computed using a
Krieger–Dougherty model for viscous regime, see Chang and
Powell1 and Stickel and Powell20

lmðbÞ ¼ ll 1� b
bM

� �n

(31)

in which bM is the lowest stable packing of particles and
n ¼ �2. Subsequently, the shear rate _c and the bulk laminar
stress tensor s

0
are given by

_c �
ffiffiffi
2
p
jcj with jcj :¼ ðc : cÞ1=2;

c ¼ 1

2
r~vþ ðr~vÞT � 2

3
ðr �~vÞI

� �
ð32Þ

s
0 �

X
k¼fl;p;gg

aks
0
k ¼ 2 l c (33)

The system of partial differential Eqs. 10 and 28 together with
the algebraic relation (13), constitutes a saddle point problem
whose solution is the mixture unknowns (~u,p), or (~v,p). Notice
that the mixture pressure plays the same role as for single
incompressible fluids, that is, to ensure the mixture continuity
constraint (10), because ~u is a divergence free vector.
Furthermore, the mixture saddle point problem is coupled
with the particle momentum Eq. 19 by means of the particle
diffusion stress term s

00
. To evaluate s

00
one can follow two

approaches: first, the full Eulerian model that computes the
slip velocity ~vr from the momentum balance equations of the
liquid (18) and particles (19) (see Appendix A); second, the
algebraic drift-flux model which is valid when the inertia of
the particles with respect to the liquid is low.23–29 Because this
work is aimed at presenting and checking the finite volume
method described in the section entitled the Finite Volume
Discretisation and Solution Procedure, the drift-flux model
that is computationally less expensive is adopted from now on.

Drift-flux model

Algebraic closure laws are usually used to compute the
slip velocity ~vr when the relative particle inertia is small, see

for example Min and Kim.5 This approach is known as alge-
braic slip or mixture model.11 Timberlake and Morris4 quan-
tified the migration of particles in gravity-driven free-surface
flow of a suspension of neutrally buoyant particles down an
inclined plane neglecting liquid and particle inertia. Acrivos
and coworkers studied the viscous resuspension of a Hagen–
Poiseuille flow24,25 and sedimentation on inclined surfaces
and settlers23,26 by means of sedimentation fluxes28 (~vs), dif-
fusion caused by concentration gradients27 (~vd), and shear-
induced self-diffusion29 (~vsh). All these fluxes, that is, ~vs, ~vd,
and ~vsh, are algebraic relations that allow to compute the
particle-liquid slip velocity as

~vr ¼
(
ð~vs þ~vd þ~vshÞ=ð1� bÞ if b\ bM
0 if b � bM

(34)

The main advantage of the algebraic slip model is obviously
that requires less computational resources than the full
Eulerian approach or the suspension balance model.30

Several constitutive laws have been proposed for the aver-
age settling velocity of solid particles in still liquids.1,20,31

For the sake of consistency with similar works, the following
expressions given by Richardson and Zaki1,31 and Acrivos
and coworkers,23–29 respectively, can be used

~vs ¼ d2

18ll
ð1� bÞ5ðqp � qlÞ~g (35)

~vs ¼ d2

18lm
bð1� bÞðqp � qlÞ~g (36)

where d is the solid particle diameter.
In the presence of a concentration gradient along the per-

pendicular to the streamwise direction, Leighton and Acri-
vos27 have shown that the Fickian diffusive flux associated
with particles of radius a ¼ d/2 can be written as

~vd ¼ �Ddrb (37)

where the dimensionless form of the diffusion coefficient is

bDd � Dd

a2 _c
¼ 1

3
b2 1þ 1

2
e8:8b

� �
þ 0:6b2

1

l
dl
db

(38)

Furthermore, when the particle flux due to gradients in the
shear stress cannot be neglected a new contribution to the
diffusive flux appears,29 given by

~vsh ¼ �Dshr _c with bDsh � Dsh

a2
¼ 0:6b2 (39)

Morris and Brady32 and Morris and Boulay33 used the
suspension balance model to show that the shear-induced
self-diffusion velocity arises from the particle normal stresses
(particle pressure and normal stress differences), playing a
fundamental role in particle migration.

Finite Volume Discretization and
Solution Procedure

In this section, a segregated FVM is proposed to solve for
the hyperbolic scalar transport equation of c (14) and b (16),
the mixture continuity equation (10) and the mixture mo-
mentum balance equation (28). Including the equation for ~vr
(34) is straightforward. All these equations are said to be in
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‘‘strong conservation form’’ due to the fact that all terms
have the form of the divergence of a vector or tensor as
described by Patankar34 and Ferziger and Perić.35 The use of
the strong conservation form of the equations together with
the FVM automatically insures global conservation. For that
reason, special attention has been paid to the mathematical
formulation of the problem under consideration in the sec-
tion entitled Formulation of the Problem, retaining this prop-
erty. Furthermore, to preserve global conservation in the nu-
merical solution, a fixed direction coordinate system (i.e.,
Cartesian components) is adopted in this work.

The first equation (14) introduces several difficulties in the
numerical problem because the function c is sharp at the
interface and is bounded between 0 and 1, see Gopala and
van Wachem.7 Similarly, the unknown b of the second equa-
tion (16) may exhibit discontinuities36 and is bounded by 0
and bM. The numerical solution obtained with low order
methods is usually diffusive, smearing, therefore, the inter-
face, while high order schemes may exhibit spurious oscilla-
tions.15 Therefore, special care is required to guarantee a
sharp and bounded solution, as described below. The last
two equations, (10) and (28), constitute a saddle point prob-
lem whose solution is the volumetric mixture velocity ~u (or
~v) and the mixture pressure p ensuring the incompressible
constraint (10). For doing this, the iterative Pressure Implicit
with Splitting of Operators (PISO) algorithm34,35 is adopted
here and the pressure equation is derived as the Schur com-
plement. Recall that ~u and ~v are related by the algebraic
equation (13), where the particle-liquid relative velocity ~vr
(34) is evaluated hereafter by means of the algebraic slip
velocities for the sake of comparison with previous works.

Unknown dependent variables to be computed are stored
at the cell centroid ~xP, using thus the so-called collocated
arrangement, $VP

(~x � ~xP) dV ¼ 0, where cell volume is
denoted by VP. The main advantage of this approach is the
reliability of handling with complicated solution domains.
However, to overcome the main disadvantage of the collo-
cated arrangement, that is the occurrence of oscillations in
the pressure, an oscillation-free pressure-velocity coupling in
line with Rhie and Chow37 is adopted. Figure 2 shows an

example of the convex polyhedral cell, whose boundaries are
composed of a set of convex polygons, although in the present
work hexahedral cells are used. Each cell has a neighboring
cell across each of its faces, of centroid denoted by N, and
positional vector relative to ~xP for the face f defined as ~df ¼
~xN � ~xP. Similarly, using the centroid rule, the face center, ~xf ,
is given by $Sf (~x � ~xf ) dS ¼ 0. Next, the face area vector~sf is
a surface normal vector whose magnitude is equal to the area
of the face. The face area is calculated from the integrals~sf ¼
$Sf ~n dS. When operating on a single cell, it is assumed that all
face area vectors~sf point outward of cell P.

Numerical discretization of differential operators were
implemented up to second-order accuracy in space and time
by postulating a linear spatial (and temporal) variation of
unknown quantities, for example

cð~x; tÞ ¼ cP þ ð~x�~xPÞ � ðrcÞP (40)

cð~x; tþ DtÞ ¼ ct þ Dt
@c
@t

� �t

(41)

where ct : c(~x,t), cP : c(~xP,t), and Dt is the time step. For a
detailed description of the numerical discretization of the
differential operator in collocated meshes (rate of change term,
gradient operator, convection operator, diffusion operators as
well as source and sink terms) the reader is referred to the
work by Patankar,34 Ferziger and Perić,35 and Jasak,38 among
others. A sketch of the numerical strategy is given in Table 1
and only the innovative parts of the algorithm are introduced
below, in particular the segregated explicit FVM and the
extension of the PISO algorithm.

To fulfill a sharp and bounded solution to c (14) and b
(16), an explicit method particularly designed for scalar
transport equations40 is used. Similar schemes were used
with success by the author41 to solve for system of hyper-
bolic balance laws with source terms. To start the normal
flux of c at time t is computed as

/t
c � c~uþ cð1� cÞ~urc

� �t
f
�~sf ¼ ctf ½/u þ ð1� cf Þ/rc�t (42)

where the normal convective flux is given by /t
u : ~utf �~sf and

/t
rc : (~urc)

t
f � ~sf . The solution to (14) is obtained

Figure 2. Computational cell.

Table 1. Numerical Solution Procedure

1 Update the normal flux /t
c (42) and compute ctþD t by solving

explicitly for the scalar transport equation (14).
2 Update the normal flux /t

b (43) and compute btþD t by solving
explicitly for the scalar transport equation (16).

3 Update the normal flux of mixture mass (q/)t from (44).
4 Compute the mixture density qtþD t from (45).
5 Discretise the momentum balance equation (47) and assemble the

algebraic system of equations (48)–(50).
6 Predict the velocity field ~v� by solving for (54) (with p̂ tþD t � p̂ t.
7 Solve for (48)–(50) subject to the incompressible constraint (53):
a Predict convective flux /* ¼ ~v� �~sf using equation (57).
b Construct the pressure equation (56) and solve for the reduced
pressure p̂�.
c Repeat (a)–(b) until convergence of the residuals.

8 p̂ tþD t ¼ p̂ * and the velocity field ~vtþDt from the reconstructed
value of flux correction8,39.

9 Compute ~v tþDt
r from (34), and repeat 7–9 up to convergence.

10 Update flow properties (viscosity, etc).
11 Update the volumetric flux /u & the new time step, (58) and (61).
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straightforward by limiting the flux /t
c, hereafter denoted by

~/t
c, which is used to compute ct þ Dt, see Zalesak.40 So the

normal flux of b is expressed as a function of the limited flux
~/t
c. Taking into account (17) and (42), it yields

/t
b � b~uþ bð1� bÞ~urb

� �t
f
�~sf ¼ btf

~/c

cf
þ 1� bf

cf

 !
/r

" #t
(43)

where /t
r : (~vr)

t
f �~sf . Then, (16) is solved following the same

procedure as for (14), providing for btþDt as a function of bt

and /t
b. Consequently, taking into account (12) and (17), the

normal flux of mass q~v (6) at the cell faces can be determined
from the normal (limited) flux of c (42) and b (43) as

ðq/Þt � ðq~vÞtf �~sf ¼ qg/
t
u þ ðqp � qlÞ~/t

b

þ ðqm � qgÞ �
b
c
ðqp � qlÞ

� �t
f

~/t
c ð44Þ

Hence, the mixture density q at t þ Dt is given by (5)

qtþDt ¼ qpb
tþDt þ qlðctþDt � btþDtÞ þ qgð1� ctþDtÞ (45)

Now the momentum balance equation (28) is solved subject
to the incompressible constraint (10). As usual,34,35 the
reduced pressure p̂ is given by

p̂ � p� q~g �~x (46)

and, thus (28) yields

@q~v
@t
þr � ðq~v~vÞ ¼ �rp̂�~g �~xrqþr � ðs0 þ s

00 þ s
000Þ
(47)

The momentum equation (47) is discretized using a first-order
accurate time integrator with the non-linear terms lagged.
Then, the mass flux q/ that affects the advection term is
discretized explicitly using Eq. 44. In doing so, the limited
fluxes ~/t

c and ~/t
b used to solve for ctþDt and btþDt are

accounted for in the pressure-velocity coupling algorithm. The
system of algebraic equations arising from the discretization of
(47) in cell P can be written as35,42

Að~vtþDt;~vtÞ ¼ �~g �~x rqtþDt �rp̂tþDt (48)

For instance, for a first-order explicit Euler integrator, A is
defined as follows

A :¼ VP

Dt
ðqtþDtP ~vtþDtP � ðq~vÞtP
h i

þ
X
f

ðq/Þt~v tþDt
f

�
X
f

ltf~sf � ðr~vÞtþDtf �ReffC ð49Þ

where subscripts P and f denotes that the magnitudes are
evaluated at the cell centroid ~xP and the cell face f,
respectively,

P
f denotes sum over the cell faces, and the

Reynolds stress correction term ReffC is given by

ReffC ¼
X
f

ðltÞf~sf � ðr~vÞT �
2

3
ðr �~vÞI

� �t
f

�
X
f

~sf � ðs00 þ s
000Þtf

(50)

Notice thatReffC is handled explicitly to avoid the coupling of the
velocity components, which eases the numerical implementation.

The velocity ~vtþDtf on the LHS of (49) is interpolated line-
arly,35,42 as a function of ~vtþDtP and its nearest neighbor ~vtþDtnb .
Reformulating (48)–(50) in terms of ~vP and ~vnb, A can be
decomposed into a matrix containing its diagonal coeffi-
cients, AD, plus the off-diagonal coefficients, AN , and the
source vector AS

AD~v
tþDt
P ¼ AS �AN~v

tþDt
nb �~g �~x rqtþDt �rp̂tþDt (51)

This classical decomposition is useful to formulate a Jacobi
iteration scheme, see Ferziger and Perić,35 and facilitates the
solution of the semidiscretized form of the momentum
equation, as described below.

The pressure-velocity coupling is formulated based on the
continuity equation (10). Rewriting Eq. 10 in terms of the
mean velocity ~v (13), and evaluating it in the cell centroid
~xP at t þ Dt, one has

r �~vtþDtp ¼ r � cð1� cÞqm � qg
q

~urc þ bs
c� b
cþ bs

qm
q
~vr

� �tþDt
P

(52)

Next, writing Eqs. 51–52 in compact form

AD r
r� 0

� �
~vtþDtp

p̂tþDt

" #

¼
AS �AN~v

tþDt
nb �~g �~x rqtþDt

r � cð1� cÞ qm�qgq ~urc þ bs c�b
cþbs

qm
q ~vr

h itþDt
P

24 35 ð53Þ

and solving for ~vP and p̂ yields

~vtþDtP ¼ 1

AD
AS � AN~v

tþDt
nb

h i
� 1

AD
~g � ~x rq þ rp̂½ �tþDtP

(54)

r � 1

AD
rp̂

� �tþDt
P

¼ r �~vtþDtp

�r � cð1� cÞ qm � qg
q

~urc þ bs
c� b
cþ bs

qm
q
~vr

� �tþDt
P

ð55Þ

Obviously (54) and (55) are coupled and were solved
iteratively using a Jacobi iteration scheme similar to PISO.34,35

First, the available pressure field from previous time step p̂� ¼
p̂ t is used (first iteration), which is updated during the
corrector stage p̂� (later iterations). Conservative fluxes /* :
~v� � ~sf corresponding to p̂� are also available. Then the
momentum equation A (48) is discretised and the momentum
equation (54) is solved using the guessed pressure, that is,
doing p̂ tþDt � p̂� on the right-hand side (RHS) of (48) and
(54). This step is called momentum predictor and updates the
value of ~v�. Subsequently, integrating Eq. 55 in the computa-
tional cell and taking into account Gauss’ theorem, one has

X
f

~sf � 1

AD

� �
f

ðrp̂�Þf
" #

¼
X
f

/�

� ~sf � cð1� cÞ qm � qg
q

~urc � bs
c� b
cþ bs

qm
q
~vr

� �tþDt
f

ð56Þ
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Thus, the new pressure p̂� is calculated from Eq. 56 based on
the actual value of /*. This is called pressure correction step.
The pressure equation (56) is a Poisson equation with the
diagonal part of the discretized momentum acting as
diffusivity and the divergence of the velocity on the RHS.
The block AD only contains diagonal entries and is easy to
invert, preserving the sparseness pattern in the triple product.

Based on the new pressure solution p̂�, conservative face
flux /* (:~v� � ~sf ) are updated from (54)

/� ¼ AS �AN~v
�
nb

AD

� �
f

�~sf

� 1

AD

� �
f

ð~g �~xÞf j~sf jr?f qtþDt þ j~sf jr?f p̂�
h i

ð57Þ

and iterate (56) and (57) up to reach a converged solution.
Here the face normal gradient is denoted by r?f and is
computed as the inner product of the face gradient rf and unit
normal to the face ~nf , for example r?f q : ~nf � rfq. To
conclude, cell-centered velocities are obtained from the
corrected flux field /* using a reconstruction procedure in
such a way that pressure-velocity decoupling cannot occur, see
section 3.2.10 in Rusche.39 So,~vtþDtP is evaluated replacing the
term [~g � ~x rq þ rp̂] in (54) with the reconstructed value of
the flux correction, see point 5 in section 4 by Passalacqua and
Fox,8 and is merely regarded as a secondary variable used to
compute ~v tþDt

r from (34). Alternatively, it could be corrected
in an explicit manner, evaluating (54), as a consequence of the
new pressure distribution, see section 3.8.2.1 in Jasak38 and
section 3.2.9 in Rusche.39 However, the reconstruction
approach is needed when the flow exhibits regions where the
phase fractions changes abruptly and the densities are very
different. The cycle (48)–(57) is repeated up to convergence of
ptþDt, ~v tþDt, and ~v tþDt

r .
Once the pressure (56) and velocity (57) equations are

iterated until convergence, the volumetric flux /u is updated
from (13)

/tþDt
u ¼ /tþDt � cð1� cÞqm � qg

q

� �tþDt
f

/tþDt
rc

� sb c�b
cþbs

qm
q

h itþDt
f

/tþDt
r ð58Þ

The forward explicit scheme in time imposes a Courant–
Friedrichs–Lewy (CFL) stability restriction on the time step
Dt, which is calculated and adjusted during the numerical
simulation. On the one hand, the Courant number correspond-
ing to (14) is defined as

CFLc ¼ j~uf �~sf j~df �~sf
Dt (59)

In the above definition, the influence of the compression
velocity ~urc is neglected because we shall analyze flows in the
absence of gas–liquid mixing. On the other hand, the Courant
number of (16) accounts for the relative velocity ~urb. For this
reason, a second Courant number is introduced based on the
effective velocity ~u þ(1 þ b)~urb

CFLb ¼
j½~uþ ð1þ bÞ~urb�f �~sf j

~df �~sf
Dt (60)

Thus, one can define the maximum local Courant number
CFLo ¼ max{CFLb, CFLc} from (59)–(60) at the current time
step, which is adjusted to run the next iteration according to
the following relation43

Dt min
CFLmax

CFLo
Dt; 1þ k1

CFLmax

CFLo

� �
Dt; k2Dt

� 	
(61)

in which CFLmax is the desired Courant number, k1 ¼ 0.1 and
k2 ¼ 1.2 are damping factors used to avoid numerical
instabilities arising from time step oscillations.

Results

Numerical results are presented in this section for a series
of benchmarks which progressively validate different aspects
of the whole algorithm. First the settling of a homogeneous
suspension initially at rest on a horizontal boundary is ana-
lyzed. This benchmark serves to show the shock capturing
capabilities of the numerical algorithm because such flow
exhibits discontinuities in the solid volumetric concentration
b. Next, the viscous resuspension phenomenon is illustrated
by considering shear-induced self-diffusion of particles. The
solution from this section is subsequently used as boundary
condition to study the shape of the tip region of a uniform
stream down an inclined plane. The capabilities of the pro-
posed model to solve accurately for the advancing of a wet-
ting front, to obtain the non-hydrostatic pressure distribution
and the non-uniform velocity field within the tip region are
illustrated with the latter examples. Finally, it is shown that
the model is also able to predict the developments of free
surface instabilities, as viscous roll waves, in uniform flows
down sloping beds.

In the applications, advective fluxes at velocities of ~u and
{~urc, ~vr} through cell faces were evaluated by means of van
Leer44 and quartic compression45 schemes, respectively.
Next, /c (42) and /b (43) were limited with Multidimen-
sional Universal Limiter with Explicit Solution, developed
by OpenCFD Ltd.46,47 Grid convergence tests were per-
formed for each problem though wont be reported for the
sake of the brevity.

Vertical settler

Homogeneous concentrated suspensions of non-Brownian
solid particles and Newtonian liquids may develop complex
flow fields due to the growth of localized velocity fluctua-
tions.48 However, macroscopic properties such as the loca-
tions of bottom and top interfaces developing during the set-
tling of quasi-monodisperse suspensions are successfully pre-
dicted using simple constitutive relations for the bulk
viscosity lm(b) and average sedimentation velocities ~vs, see
Chang and Powell,1 Snabre et al.,48 and Mills and Snabre.49

So the use of mixture or drift-flux model has become a use-
ful tool to analyze the behavior of suspensions from dilute to
concentrated regime in vertical settlers.

Here, numerical results are compared successfully with
experimental results from the ‘‘Settling of quasi-monodis-
perse suspensions’’ section in Snabre et al.48 The physical
properties of the solid and liquid phases they used are qp ¼
1190 kg m�3, d ¼ 0.19 mm, bM ¼ 0.57, qf ¼ 890 kg m�3,
and lf ¼ 0.025 kg m�1 s�1. The computational domain is
described by a structured mesh with 1 	 1 	 1000 cells (X 	
Y 	 Z) and mesh size of DX ¼ DY ¼ DZ ¼ 1.2 	 10�4 m. Ini-
tial conditions are given by
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cðzÞ ¼ 1; bðzÞ ¼
(
bo if 0 
 z 
 0:1 m

0 if 0:1\ z 
 0:12 m

~vðzÞ ¼~uðzÞ ¼ 0; p̂ðzÞ ¼ 0 ð62Þ
in which the initial volumetric concentration of solid particles
is bo ¼ 0.4. As boundary condition, periodic flow is imposed
for all variables over all boundaries except at the bottom (z ¼ 0
m) and top (z ¼ 0.12 m), where

c ¼ 1; ðrbÞ �~n ¼ 0; ~v ¼ ~u ¼ 0; ðrp̂Þ �~n ¼ 0 (63)

The thick dashed line in Figure 3a corresponds with the
vertical profile of b(z) (62) at the initial instant of time, where
a discontinuity at z ¼ 0.1 m is readily observed. Solid particles
settle as time increases and, hence, the top interface separating
the clear water and dense suspension regions moves downward
up to, approximately, 1600 s. Obviously, the top interface
velocity is given by V ¼ |~vs| (35). As a consequence, a lower
layer grows upward the solid bottom48,49 (z ¼ 0) with velocity
V* ¼ bV/(bM � b). Following Figure 2c in Snabre et al.,48 the
volumetric concentration b can also be drawn in the phase
plane {t,z}, see Figure 3b. An excellent agreement between
current computations and their experimental results is found,
which are plotted with filled circles and squares. Furthermore,
the shock capturing capability of the implemented algorithm is
pointed out, because spurious oscillations (inherent to second-
order accurate spatial discretization50) did not develop.

Viscous resuspension in uniform flow down an inclined
plane

In this section, numerical results illustrating the viscous
resuspension phenomenon are shown for a uniform flow
down a constant slope bed which is initially homogeneous,
see Leighton and Acrivos,28 among others.23,26 The initial
condition corresponds to the Nusselt flat-film solution on a
plane inclined at an angle h with respect to the horizontal

cðzÞ ¼ 1; bðzÞ ¼ bo;

~vðzÞ ¼~uðzÞ ¼ Vs 2
z

h
� z

h


 �2� �
~ex; p̂ðzÞ ¼ 0 with 0 
 z 
h

(64)

where h is the Nusselt film thickness and Vs ¼ qgh2 sin h/
(2lm) is the free surface velocity. The vertical profiles of the
particle volumetric concentration and of the streamwise
velocity are depicted in Figure 4 in dashed line for qp ¼
2475 kg m�3, d ¼ 0.625 mm, bo ¼ 0.3851, bM ¼ 0.605, qf ¼
971 kg m�3, lf ¼ 0.971 kg m�1 s�1, h ¼ 10d and h ¼ 45�. For
the sake of the completeness, the expression for ~vs given by
Acrivos and coworkers (36) was used.

As boundary condition, periodic flow is imposed for {~v, ~u,
c, b, p̂} over all boundaries except at the bottom (z ¼ 0 m)
and top (z ¼ h), where

c¼ 1; ðrbÞ �~n¼ 0; ~v¼~u¼ 0; ðrp̂Þ �~n¼ 0 at z¼ 0

c¼ 1; ðrbÞ �~n¼ 0; ðr~vÞ �~n¼ ðr~uÞ �~n¼ 0; p̂¼ 0 at z¼ h

(65)

Finally, the computational domain is given by a structured
mesh with 1 	 1 	 100 cells (X 	 Y 	 Z) and mesh size of
DX ¼ DY ¼ DZ ¼ 6.25 	10�5 m.

According to Acrivos and coworkers theory,23,26 there are
three possible regimes depending on the relative importance

of the sedimentation (~vs) with respect to Fickian (~vd) and
shear-induced self-diffusion (~vsh) fluxes in an initial homoge-
neous mixture, namely: a homogeneous state that corre-
sponds with a mixture in equilibrium, that is, b ¼ bo ¼
const and ~vs ¼ ~vsh þ ~vd; the settled and resuspended (or
risen) regimes occurring when, in an initial homogeneous
mixture, solid particles are out of equilibrium because |~vs|

2

[ |(~vsh þ ~vd) � ~vs| and |~vs|
2 \ |(~vsh þ ~vd) � ~vs|, respectively.

It is an easy exercise to show that, for a uniform flow
down, a constant slope bed with initial conditions given by
(62), there is a critical bed slope hc that ensures a homoge-
neous regime

hc ¼ atan
2ðqp � qlÞ

qpbo þ ð1� boÞql
ð1� boÞ
bbo

" #
(66)

in which b is 0.6 when (38) is used,27 or 0.43 when using
Phillips et al.51 fitting. If h ¼ hc, then the initial condition (62)
prevails at late time. Conversely, solid particles settle when h
\ hc. Finally, when h [ hc solid particles resuspend as
described by Acrivos and coworkers.23,26

Figure 3. Numerical solution to b(z,t) for the experi-
ments by Snabre et al.:48

(a) vertical profiles of b(z) at several instants of time and

(b) solution in the plane {t,z}. ‘‘Squares’’ and ‘‘circles’’

in panel (b) depict the experimental results for the top

and bottom interfaces, respectively, which are in agree-

ment with the shocks arising in the numerical solution.
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Substituting the physical properties given above into (66),
it yields hc � 30�. So viscous resuspension must be observed
during the numerical simulation because h ¼ 45� [ hc.
Indeed, setting the initial and boundary conditions given by
(64) and (65), respectively, and including ~vd (37), ~vsh (39),
and ~vs (36) into ~vr (34), allowed the development of viscous
resuspension in the numerical simulation. Indeed, the stream-
wise velocity increases as time proceeds (Figure 5a) due to
the viscous resuspension of solid particles (see Figure 5b).
During the transient stage from t ¼ 0 to 60 s the relative ve-
locity ~vsh (39) is very high owing a fast variation of b and ~v.
However, for t [ 60 s the relative velocity decreases when
the settling flux tends to balance the Fickian and shear-
induced self-diffusion fluxes. Therefore, temporal variations
of b and ~v are much slower at t [ 60 s than at earlier time.
At late time, that is, t ¼ 1500 s, a quasi-steady regime is
reached with values of the relative velocity lower than
max|~vr(t ¼ 0)|/103, which can be neglected. These findings
are analogous to those reported by Timberlake and Morris4

for neutrally buoyant particles, who observed non-uniform
velocity profiles in the upstream reach of their channel, see
their Figure 6, and quasi-uniform profiles further down-
stream. The ensuing velocity and concentration profiles
diverge from the homogeneous case depicted in Figure 4 and
agree well with previous theoretical results.52 A direct com-
parison between simulations and experiments is difficult in
the absence of internal dynamics measurements that require
outstanding facilities.53

Figure 4 clearly indicates that the solid volumetric concen-
tration monotonously increases with z and that a heavy mate-
rial flows above a lighter one when migration upward over-
whelms settling. This apparently unstable stratification is
possible if the material exerts normal stresses that are re-
sponsible for particle migration, see the section entitled
Drift-flux-model and subsection 4.1 in Morris and Brady,32

referred thereafter as MB. Using a dimensional argument,
see for example Barenblatt,54 MB defined a dimensionless
gravitational parameter B that quantifies the relative influ-
ence of buoyancy-driven motion (settling) to shear-driven
migration in a horizontal pressure-driven flow

Figure 4. (a) Streamwise velocity and (b) solid volumet-
ric concentration profiles for a homogeneous
(dashed line) and resuspended suspension
(solid line).

Dashed and solid lines correspond with the initial condi-

tion (t ¼ 0) and the quasi-steady solution (t ¼ 1500 s)

employed and obtained, respectively, in the section enti-

tled Viscous resuspension in uniform flow down an

inclined plane. The temporal evolution of the solution is

also shown in Figure 5.

Figure 5. (a) Temporal evolution of the streamwise veloc-
ity and (b) solid volumetric concentration for
the viscous resuspended suspension described
in the section entitled Viscous resuspension in
uniform flow down an inclined plane.

The initial condition (t ¼ 0) and the quasi-steady solu-

tion at t ¼ 1500 s are shown in Figure 4 in dashed and

solid lines, respectively.
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B � v

V


 � h

a

� �2

(67)

where v ¼ 2 (qp � ql) ga
2/9lm is the Stokes settling velocity of

an isolated particle and V is the average velocity of the
suspension in the streamwise direction. In the flow down an
inclined plane, one has V ¼ 2/3Vs and v is the component of
the settling velocity perpendicular to the plane, which yields

B ¼ 2

3

qp � ql
½qpbo þ ð1� boÞql� tan h

(68)

Substituting the values of the current properties into (68) gives
B ¼ 2.82 with h/a ¼ 20 and bo ¼ 0.3851. Curiously, these
values lie really close to those used in the Stokesian Dynamics
simulation by MB (see their table 1 and results of runs B and
G1 with {B,h/a, bo} ¼ {3.4,30.54,0.4} and {3.4,18.34,0.4},
respectively). It is found that the present drift-flux theory
reproduces the heavy-over-light stratification reported in their
simulations for a similar set of nondimensional parameters,
though they studied a pressure driven flow. The nondimen-
sional time tss elapsed to reach the steady-state in the Stokesian
Dynamics simulations, obtained with T ¼ a/V as characteristic
time, was of the order of O(1600–4000). As commented
above, see also Figure 5, the quasi-steady solution is reached
in the present computation at tss � 60/T ¼ 3840, in agreement
with MB. Therefore, there is a great similarity between the
present study and MB, where they proved for h/a[18 that the

suspension balance model predicts accurately similar flows.
This fact shows nicely the value of the continuum approach
and serves to understand the importance of accounting for
particle migration, as for other free surface flows.5

Tip region of a falling suspension film: Homogeneous
and resuspended regimes

In this section, the velocity and solid volumetric concen-
tration profiles shown in Figure 4 are used as boundary con-
ditions at the inlet of an open channel to study the advancing
of thin suspension film down a constant slope bed. Recall
that the plane is inclined at an angle of h ¼ 45�. This exam-
ple serves to clearly test the capability of the proposed theo-
retical/numerical formulation to cope with the advancing of
a wetting front and migration of particles into the tip region.

To do so, an additional term was added to the RHS of the
momentum balance equation (28) given in the spirit of
Brackbill et al.55 by �rjrc. Here r is the coefficient of sur-
face tension, j : r � ~ngl is the local surface curvature, and
~ngl is the unit normal vector to the interface drawn outwards
from the gas to the liquid. The numerical treatment of such
term is straightforward as is the same as for the buoyancy
term ~g �~xrq.

As starting point the homogeneous regime is simulated
here by setting a fictitious slip velocity of ~vr ¼ 0 for the
same scenario described in the section entitled Viscous
Resuspension in Uniform flow down an inclined plane,
which results in the velocity profile shown in dashed line in
Figure 4. The density and dynamic viscosity of the atmos-
phere are fixed much smaller than for the liquid, i.e. qg/ql ¼
lg/ll ¼ 0.001, and surface tension is set to r ¼ 0.072
kg s�2. The computational domain is a structured mesh with
1000 	 1 	 100 cells (X 	 Y 	 Z) and mesh size DX ¼ DY
¼ DZ ¼ 1.2 	 10�4 m. Initial conditions are given by

c ¼ b ¼ 0; ~v ¼ ~u ¼ 0; p̂ ¼ 0 (69)

As boundary conditions, periodic flow is imposed in the Y-
direction for all the variables, inflow boundary condition at the
inlet (x ¼ 0), no slip at the bottom (z ¼ 0), outflow condition at
the outlet (x ¼ 0.12 m) and atmospheric pressure and stress
free condition at the top (z ¼ 0.012 m)

c¼ 1; b¼ binðzÞ; ~v¼~u¼ UðzÞ~ex; ðrp̂Þ �~n¼ 0 at x¼ 0

(70)

ðrcÞ �~n ¼ ðrbÞ �~n ¼ 0; ~v ¼~u ¼ 0; ðrp̂Þ �~n ¼ 0 at z ¼ 0

(71)

ðrcÞ �~n ¼ ðrbÞ �~n ¼ 0; ðr~vÞ �~n ¼ ðr~uÞ �~n ¼ 0;

ðrp̂Þ �~n ¼ 0 at x ¼ 0:12 m ð72Þ
c ¼ b ¼ 0; ðr~vÞ �~n ¼ ðr~uÞ �~n ¼ 0; p̂ ¼ 0 at z ¼ 0:012 m

(73)

where bin(z) ¼ bo and U(z) is the Nusselt flat-film velocity
profile in the homogeneous regime, shown in dashed line in
Figure 4.

Figure 6a illustrates the propagation of the free surface
interface down the inclined plane at several instants of time.
At the very beginning, t ¼ 0.15 s, very little fluid is injected
at the bottom because of the vanishing streamwise velocity.
Conversely, much more fluid comes into the computational
domain close to z ¼ h because the velocity reaches its

Figure 6. (a) Temporal evolution of the free surface
interface for the homogeneous inlet profiles
in Figure 4 and ~vr 5 0 at t 5 0.15, 0.41, 0.79,
1.20, 1.62, 2.05, 2.5, 2.9, 3.33, 3.75, 4.15, 4.6,
5, and 5.4 s; (b) location of the wetting front
as a function of time; (c) isocontours of the
reduced pressure p̂ at t 5 5.4 s.

The thin solid line in (c) highlights the free surface. As-

pect ratio in (a) and (c) is 4:1. [Color figure can

be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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maximum value there, see Figure 4a. As time proceeds the
component of the gravitational force normal to the plane
pulls the fluid downward and the tip region starts to develop.
The flow close to the channel inlet becomes uniform and
steady for larger time, t [ 2.9 s, as shown by the free sur-
face interface parallel to the plane. In the uniform region,
the flow is, therefore, unidirectional and propagates parallel
to the bottom bed. Moreover, the tip region is self-similar at
those instants of time and the flow front propagates at a con-
stant speed. Indeed, the velocity of the advancing front was
computed by fitting the numerical values of the wetting front
location xf(t), see Figure 6b, with a linear function of time,
that yields dxf/dt ¼ 0.020 m s�1. This value approaches well
the theoretical value of 0.019 m s�1 obtained from conserva-
tion of mass by Hunt56

dxf
dt
¼ 1

h

Z z¼h

z¼0
~vðx ¼ 0; zÞdz ¼ qpbo þ qlð1� boÞ

3lm
g h2 sin h

(74)

At this moment, it is important to point out the non-hydrostatic
pressure distribution which is found out into the tip region. To
this end, Figure 6c shows isolines of constant reduced pressure
p̂ at late time (t ¼ 5.4 s), when the velocity of the wetting front
tends to be constant. Interestingly, in the bulk of the flow, x\
0.08 m, such isolines are perpendicular to the inclined plane.
This is a expected result because the free surface is parallel to
the bed for x\ 0.08 m, indicating that the velocity is parallel
to the bottom. However, close to the wetting front, that is, for
0.08 m\ x\ xf, the previous statement does not longer hold
and a complex pressure distribution associated with the strong
curvature of the free surface and velocities perpendicular to
the bed is observed. A detailed view of the streamlines
corresponding to the relative velocity field~v � (dxf/dt)~ex close
to the wetting front is shown in Figure 7, where the
recirculation occurring in the tip region is readily depicted.
Obviously, to solve with accuracy for the motion into the
wetting front, the saddle-point problem described in the
section entitled Finite volume discretization and solution
procedure must be solved. As discussed below, solving
accurately for the motion in the tip region is essential to
compute correctly the dynamics of the flow in the resuspended
regime.

Then the resuspended profile was simulated by activating
the fluxes ~vs (36), ~vd (37), and ~vsh (39) in the slip velocity.
The computational extent was increased up to z ¼ 0.38 m
and the same type of initial and boundary conditions as
described above was set. The unique difference with respect
to the previous simulation is the velocity and concentration

profiles at the inlet, which are the numerical solution com-
puted in the section entitled Viscous resuspension in uniform
flow down an inclined plane shown in continuous line in
Figure 4. As for homogeneous flows, recall Figure 6a, the
temporal evolution of the free surface is shown in Figure 8a.
The first noticeable difference is the development of a front
with higher depth than at the inflow. Indeed, the front depth
increases as time proceeds from 6.25 mm (t ¼ 0) to the as-
ymptotic value of 8 mm (3.84 s). For t [ 3.84 s the maxi-
mum depth at the tip region remains constant. Such incre-
ment in the maximum flow depth was not found in the
homogoeneous regime (see Figure 6a). Next the location of
the advancing front xf(t) is depicted in Figure 8b, and can be
accurately fitted by a linear regression to yield the constant
velocity of 0.02525 m s�1. Therefore, the current streamwise
extent is enough to ensure that the advancing front reaches a
steady-state at late time.

Figure 7. Detailed view of the streamlines associated
with the relative velocity field ~v 2 (dxf/dt)~ex in
the tip region as for Figure 6c.

Thin solid line marks up the free surface interface. (As-

pect ratio 1:1)

Figure 8. (a) Temporal evolution of the free surface
interface for the resuspended inlet profiles in
Figure 4 at t 5 0.44, 1.00, 2.13, 3.84, 6.12,
7.83, 9.54, 11.25, and 14.67 s; (b) location of
the wetting front as a function of time.

Isocontours of the reduced pressure p̂ (c), solid volumet-

ric concentration b (d), and shear rate (e) at t ¼ 14.67 s.

The thin solid line in (c)–(e) highlights the free surface.

Aspect ratio in (a) and (c)–(e) is 10:1. [Color figure can

be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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Indeed, at t ¼ 14.67 s and behind the inlet (x \ 0.05 m)
the pressure distribution is nearly hydrostatic, the free-sur-
face remains parallel to the bottom and solid particles move
along the streamwise direction, as shown in Figures 8c–d.
That is, the flow is uniform and steady, and is not affected
by the tip region at t ¼ 14.67 s and x\ 0.05 m.

Therefore, it is interesting to analyze the flow field at t ¼
14.67 s and x [ 0.05 m to better understand the dynamics
of the dense suspension in the tip region. Downstream of x
¼ 0.05 m, the isolines of reduced pressure deviate from the
perpendicular to the bottom and their shapes are increasingly
complex as approach the wetting front. Furthermore, this
phenomenon is more pronounced in the present case than for
the homogeneous regime, see Figure 6c, because the particle
volumetric concentration is not longer constant in the resus-
pended regime. This fact is clearly understood taking into
account that the streamwise velocity close to the free surface
is maximum and decreases down to zero at the bottom bed.
Moreover, the free surface velocity is larger than that of the
advancing front. As a consequence, solid particles close to
the free surface move faster than those located at lower
depths and that the advancing front. So the upper solid par-
ticles try to recirculate as they reach the tip region, see Fig-
ure 9, increasing the solid volumetric concentration close to
the inclined plane. However, the shear rate is higher at lower
depths than at the free surface, see Figure 8e, and solid par-
ticles resuspend once again as they reach the bottom of the
tip region because of the large values of the shear-induced
self-diffusion velocity ~vsh. Indeed, the solid volumetric con-
centration depicted in Figure 9 illustrates this phenomenon
and explains the accumulation of solid particles in the tip
region, that is, the onset of the resuspended regime owing
the increment of flow depth observed in Figure 8a. Obvi-
ously, at late time (t ¼ 14.67 s) the solid particle dynamics
in the tip region affects the bulk of the flow, 0.1\ x\ 0.35
m, where the flow depth monotonously increases in the
downstream direction, see Figures 8c–e. For instance, the
effect of the recirculation of solid particles is apparent on
the curved lines of constant b depicted in Figure 8d. Such
complex profiles of the solid concentration are one of the
causes of the complex pressure distribution shown in Figure
8c, which is really difficult to prescribe a priori.

It is worth mentioning that the aspect ratio of the vertical
to the horizontal length scales, that is, the shallowness pa-
rameter e, varies during the flow from e ! 1 (t ¼ 0) to e
� 1/50 (t � 15 s). The actual formulation is valid for arbi-
trary values of e and is able to solve with success for vis-
cous shallow particle-laden flows with e � 1. Indeed, the
shallowness parameter e could be decrease as necessary by

increasing the length of the computational domain because
the physical formulation described in the section entitled
Formulation of the Problem does not impose any restriction
on it. Furthermore, the current formulation is valid for arbi-
trary bottom slopes because it avoids assumptions on the
mixture pressure distribution, which is solved locally at ev-
ery time step.

Roll waves in viscous flow

Yih57 and Liu et al.,58 among others, studied the stability
of a uniform viscous flow down an inclined plane. They
showed that free surface instabilities develop for Reynolds
numbers, Re, larger than a threshold Rec, where

Re ¼ g q2l sin h h3

3l2l
(75)

and Rec ¼ 5/6 cotan h57 or Rec ¼ 5/4 cotan h.58 As in previous
sections, h denotes the angle of the plane with respect to the
horizontal and h is the Nusselt flat-film thickness. Figure 10
depicts the critical Reynolds number as a function of h. Notice
that Rec decreases suddenly with h, taking values lower than
10 for h[ 7�.

Therefore, it is natural to find free surface instabilities,
hereafter referred to as viscous roll waves, in thin film flows
down inclined and vertical planes, see for instance Usha
et al.,2 Kalliadasis et al.,3 Malamataris and Balakotaiah,12

and Mudunuri and Balakotaiah.59 Here the capabilities of the
implemented numerical scheme to compute viscous roll
waves are illustrated by reproducing previous experiments
and hydrodynamic stability analysis by Tihon et al.60 and
Plaschko and Schaflinger61 for one- and two-layer thin film
flows, respectively.

Tihon et al.60 characterized the temporal frequency f of
solitary waves at the Reynolds numbers of 14, 35, and 57
for a plane inclined at an angle of h ¼ 5�, see Figure 11a.
To compare the numerical frequency with their experimental
results for a given wavelength k, the nondimensional fre-
quency and wavelength are represented in logarithmic scale
in Figure 11b. Without loss of generality, k and f were made
dimensionless using the quantities h and qlh

2/ll as length
and temporal scales, respectively. So the nondimensional
wavelength k̂ : k/h and the nondimensional frequency f̂ :
fqlh

2/ll were defined. The first interesting finding is the lin-
ear dependence of log(k̂) and log(f̂) at all Reynolds numbers.
This fact allows the extrapolation of experimental results
from long wavelengths (k̂ [ 100) to shorter wavelengths (k̂
\ 100). Three wavelengths (k̂ ¼ 40, 80, and 120) were
simulated for the Reynolds number of Re ¼ 14 and the
Bond number of Bo : qlgh

2/r ¼ 0.25. The density and
dynamic viscosity of the atmosphere are set much smaller

Figure 9. Detailed view of the streamlines associated
with the relative velocity field ~v 2 (dxf/dt)~ex in
the flow front as for Figures 8c–e.

Thin solid line marks up the free surface interface, while

the color bar indicates the values of b. (Aspect ratio 1:1)

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 10. Critical Reynolds number for the inception
of roll waves in a viscous uniform flow.
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than for the liquid, qg/ql ¼ lg/ll ¼ 0.001. The computa-
tional domain is a structured mesh with 2700 	 1 	 90 cells
(X 	 Y 	 Z) and nondimenional lengths of 0 
 x/h 
 3k̂,
0 
 y/h 
 0.02 and 0 
 z/h 
 2. Initial conditions are
given by

c ¼
(
1 if 0 
 z=h 
 1þ d sinð2px=h=k̂Þ;
0 if 1þ d sinð2px=h=k̂Þ\z=h
2;

b ¼ 0; ~v ¼ ~u ¼ 0; p̂ ¼ 0 ð76Þ
As boundary conditions no slip is imposed at the bottom (z ¼
0), atmospheric pressure (p ¼ pa) and stress free condition at
the top (z/h ¼ 2) and periodic flow at x ¼ 0, x/h ¼ 3 k̂ and
along the Y-direction. In Eq. 76, d ¼ 0.5 corresponds with the
amplitude of a sinusoidal perturbation, though lower values
could also be used.

Periodic limit cycles at late time were found in the three
cases, corresponding with monochromatic waves. Figure 12
illustrates the shapes of the final roll waves, when the flows
reached the saturated periodic regime. The ensuing temporal
frequency agrees very well with previous known results, see
Figure 11b. The aspect of the roll wave depends on the spa-
tial wavelength or temporal frequency: as the wavelength
increases, the depth of the bore grows. Indeed, the flow
becomes very steep for k̂ � 80 and, subsequently, short-
wavelength secondary instabilities develop in front of the
solitary bore. Secondary waves reflect the effect of surface
tension and vertical acceleration.60,62 Furthermore, the well-
known result that the pressure is hydrostatic everywhere
except in front of the solitary hump, where secondary insta-
bilities occur,62 is corroborated in Figure 13a. Secondary
instabilities modify drastically the local flow field in front of
the solitary bore, induce a marked up depression that cannot

be explained by means of hydrostatic models and signifi-
cantly increase the shear stress between the film and the
wall,60,62 as shown in Figure 13b.

To the best of the author’s knowledge, previous studies
analyzing the influence of solid particle migration on the sta-
bility of dense suspension films are scarce. Solid particles
may play an important role on the free surface instability
because of their effects on the flat-film base state and the
perturbed flow. On the one hand, in the homogeneous case,
the background flow remains unaltered and, therefore, one
would expect a negligible influence of solid particles on the
stability criteria,57,58 though the final nonlinear saturated
state may change due to the non-uniform shear-rate field. On
the other hand, the problem for settled and risen suspensions

Figure 11. Spatial wavelength k vs. temporal frequency
f in the experiments by Tihon et al.:60 dimen-
sional values in linear scale (a) and nondi-
mensional values in logarithmic scale (b).

Also, in panel (b) it is shown with solid squares and

red solid line, respectively, the numerical results and

the linear fit of experiments at Re ¼ 14. [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 12. Flow depth for roll waves with base flow pa-
rameters of Re 5 14 and h 5 5�: (a) k/h 5
40, (b) k/h 5 80, and, (c) k/h 5 120.

The temporal frequency of the non-linear limit cycle is

shown with filled squares in Figure 11b and agrees

with previous experimental results. [Color figure can

be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 13. Nondimensional pressure (a) and shear
stress (b) at the bottom for the roll wave in
Figure 12c, with sc 5 l2l /(qlh

2).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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is more complicated because the ensuing base state exhibits

density gradient. In the case of viscous resuspended suspen-

sions, Carpen and Brady63 suggested that heavy-over-light

stratification might be unstable to spanwise perturbations,

similar to rapid granular flows, owing the formation of longi-

tudinal vortices that may also be unstable to longitudinal dis-

turbances.61 In the settled regime, a clear liquid layer appears

above the settled suspension, leading to two-layer gravity

driven film flow with free surface. Plaschko and Schaflinger61

investigated the stability of this flow supposing a constant

concentration of solid particles below a clear liquid and found

the existence of two different instabilities (waves at the free

surface and interfacial waves) which are described next.

The computational domain was enlarged along the z-axis
up to the range of �1 
 z/h 
 2, while the streamwise
length was decreased down to 0 
 x/h 
 k̂, maintaining the
same mesh size as in the previous simulation. Initial condi-
tions are now given by

c ¼
(
1 if � 1 
 z=h 
 1þ d sinð2px=h=k̂Þ;
0 if 1þ d sinð2px=h=k̂Þ\z=h 
 2;

b ¼
(
bo if � 1 
 z=h 
 0;

0 if 0\ z=h 
 2;
~v ¼ ~u ¼ 0; p̂ ¼ 0; ð77Þ

with bo ¼ 0.9 bM, see Figure 14a. Finally, the same set of
boundary conditions were imposed with qp/ql ¼ 1, Re ¼ 14
and k̂ ¼ 120. The slip velocity was neglected61 (~vr ¼ 0).

Figure 14 shows some snapshots at six instants of time of
the field b(x,z) normalized with bM, illustrating the initial
condition of the volumetric concentration (panel a), the for-
mation of the main surge (panel b), the development of sec-
ondary instabilities close to the solitary hump (panel c) that
excite interfacial waves amplifying downstream (panel d),
and the wave breaking process (panel e) that originates a
detached layer of particles moving above the original inter-
face (panel f). During the formation of the main bore, see
Figure 14b, and the growth of secondary instabilities in its
front, see Figure 14c, there is no interfacial instability. So
the surge develops in the upper layer analogous to the case
in the absence of solid particles, see Figure 12c, due to the
high viscosity of the lower layer. However, when secondary
instabilities are fully developed, non-uniform pressure (Fig-
ure 13a) and shear stress (Figure 13b) oscillations excite
unstable interfacial modes, see Figure 14d, originating inter-
facial waves with wavelengths much shorter than the roll
wave length k̂. Indeed, by inspecting Figure 14d, it is found
that bed forms wavelengths are the same as that of the sec-
ondary instabilities in front of the solitary wave. This fact
highlights the relevance of including surface tension, the real
pressure, and the vertical velocity component in the actual
model, which are responsible for the formation of secondary
waves. Interfacial waves grow as they are convected along
the streamwise direction, see Figure 14e, but move slower
than roll waves because of their higher viscosity. Conse-
quently, pressure and shear stress oscillations persist on the
sediment interface, interact with the bed forms and acceler-
ate the wave breaking, owing the mix of the dense suspen-
sion and the clear liquid layer at late time. Hence, the origi-
nal sharp interface between layers is destroyed and a multi-
layer configuration develops in the bed, as shown in Figure
14f, owing a periodic state. This phenomenology is in agree-
ment with Plaschko and Schaflinger61 stability results.

Conclusions

A numerical formulation for falling liquid films carrying
monodisperse spheres under the action of gravity in Newto-
nian regime has been proposed. By adopting the algebraic
drift-flux model for the slip velocity ~vr , see Eqs. 34–39, the
theoretical model and the finite volume method have been
verified with several examples to analyze high viscous flows
in the presence of sharp discontinuities of the volumetric
concentrations b and c, namely that: vertical settlers, falling
suspension films, and viscous roll waves.

Some advantages of the proposed formulation are the fol-
lowing: it works with success for arbitrary values of the flow

Figure 14. Sequence of snapshots illustrating the tem-
poral evolution of the solid volumetric con-
centration b/bM in the liquid phase.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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depth, solid volumetric concentration, and bed slope; the
advancing of the wetting front down an inclined plane can
be analyzed properly; the formulation is neither based on
depth-averaging nor on a hydrostatic pressure assumption
and, hence, is valid for arbitrary values of the shallowness
parameter; the proposed model is valid for homogeneous and
resuspended suspensions; viscous roll waves can be com-
puted with success, accounting for the non-hydrostatic pres-
sure distribution, the complete velocity field and surface ten-
sion effects for a wide range of spatial wavelengths.

From the author’s point of view, in addition to reduced order
models such as boundary-layer, averaged models and single
surface equations, see Usha et al.2 and Kalliadasis et al.,3 as
well as more complex mesoscopic and microscopic models, see
Fox,6 the Navier–Stokes model proposed here may contribute
to better understand falling suspension films as well as free sur-
face flows carrying monodisperse spheres in other contexts.
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Appendix A. Full Eulerian Model

To derive an additional partial differential equation for ~vr
that accounts for the relative inertia of the solid particles
with respect to the liquid, one can apply the change rule to
the LHS of (18)–(19) and, taking into account (1)–(2), yields

@~vl
@t
þ ð~vl � rÞ~vl

¼ 1

alql
alql~g� ð1� apÞrpl � Kð~vl �~vpÞ þ r � ðals0lÞ
h i

ðA1Þ

@~vp
@t
þ ð~vp � rÞ~vp ¼ 1

apqp

apqp~g� aprpl þ Kð~vl �~vpÞ � rpp þr � ðaps0pÞ
h i

ðA2Þ

From (21), (31), and (33) the particle stress tensor in the sus-
pension is given by

aps
0
p ¼ 2lmc� als

0
l (A3)

Then, Eqs. A1–A3 can be simplified by recalling that inside
the dense suspension c ¼ 1, that is, al ¼ 1 � ap with ap ¼
b, and pl ¼ p � pp (29). Also, by definition (11), it is known
that ~vp ¼ ~vl þ ~vr . Substituting this relation into (A2), and
taking into account (A1)–(A3), one has

@~vr
@t
þr�ð~v~vrÞþr� ½w~vr~vr�� ½r � ð~vþ2~vrÞ�~vr

þK
1

bqp
þ 1

ð1�bÞql

 !
~vr ¼

qp�ql
qpql

rp� 1

bqp
� 1

qp
þ 1

ql

 !
rpp

þ 1

bqp
r� 2lmc
� � 1

ð1�bÞql
þ 1

bqp

" #
r� ½ð1�bÞs0l� ðA4Þ

where w : 2 � b(1 þ s)/(1 þ bs). Given a known solid
volumetric concentration b, pressure p and velocity field ~v of
the mixture, one can solve implicitly (A4) to obtain ~vr.
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